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Abstract: This paper is dedicated to study the existence and uniqueness of solutions for a boundary value problem of nonlinear
fractional differential equations of mixed Volterra-Fredohlm integral equations in Banach space, the recent researches considered
the study of differential equations of mixed Volterra-Fredholm integral equations with classical order and the study of existence
and uniqueness of solutions using approched numerical methodes, the objective of this paper is the study of the existence and
uniqueness of fractional order of differential equations with mixed Volterra-Fredholm integral equations using fixed point theory.
This work have two important results, the first result was the discussion of the existence of solutions using the Krasnoselskii fixed
point theorem after transforming the problem into integral equation firstly then into operator problem suitable for the fixed point
theory. The second result will be the existence and uniqueness of solution, this result was obtained by the use of Banach fixed
point theorem after the same transformation used in the first one. This work give as conclusion that the boundary value problem
of nonlinear fractional differential equations of mixed Volterra-Fredholm integral equation has a unique solution in Banach space.
Finally, this work was ended with an example to illustrate the results obtained.
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subject a subject of considerable interest.  Studies on
population dynamics, parabolic boundary value problems, the

1. Introduction

In recent years, fractional calculus has attracted a large
number of mathematicians and modelers. many researchers
focused on the divaloping of the topic of fractional order initial
and boundary value problems. This is result of the position
of mathematical models associated with physical problems
based on fractional differential equations subject to initial and
boundary value preblems. Some fractional order initial value
problems and boundary value problems, involving Riemann-
Liouville, Liouville, Caputo and Hadamard type fractional
differential equations, has attracted the attention of many
researchers, for instance, see [1-5].

The importance and the value of the subject of
mixed Volterra-Fredholm integral equations makes this

mathematical modeling of the spatio-temporal development of
an epidemic and various physical and biological models lead
to the mixed Volterra-Fredholm integral equations.

Mirzaee and Hoseini [6] discussed the solution of The
linear mixed Volterra-Fredholm integral equation using
Fibonacci collocation method, while the numerical solution
via modification of the hat function was presented in
[7]. Hasan and Sulaiman [8] studied the existence and
uniqueness results for the linear mixed Volterra-Fredholm
integral equation is given by

x b
u(z) = f(x) —|—)\/ / E(r, t)u(t)dtdr
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Several other fixed point type and numerical methods were
discussed in the literature, see for more [9-12] and the
references therein.

The academic value and importance of the topic of fractional
differential equations and systems in the modeling of so
many phenomina, and the studies and researches published
in this field gives motivation to study such model. As
we know, there are few research on the topic of fractional
differential equations with mixed Volterra-Fredholm integral
equations. Motivated by the researches cited above, this
paper will consider the study a new type of fractional
differential equations, and a new type of hybrid perturbation
( we perturbate our boundary value problem with Volterra-
Fredholm integrql equation)

In this paper, we study the existence and uniqueness of
solution for a boundary value problem of nonlinear fractional
differential equations of mixed Volterra-Fredohlm integral
equations in Banach space, consider the follwing problem

‘Du(z) = f(x,u(x))+ )\fox fol k(r,t)u(t)dtdr (1)
u(0) =u(l) =0,

where f(z,u(x)) is a known continuous function on the
interval [0, 1], the kernel k(r,t) is known and continuous on
the region D = {(r,1);0 <t <1&0 <r <z <1}, while
u(x) is unknown continuous function to be determined.

This work is organized as follows. Section 2 contains
the preliminary (Definitions, Lemmas, Theorems) that we

Definition 2.2.
1 d
Df(t) = — | —
F® I'(n—a) (dt
where n = [a] + 1.

Lemma 2.1. [1] Assume that u € C(0,1) N L(0,1) with a
fractional derivative of order o > 0 . Then

I°D%u(t) = u(t) + et ' 4 ot 2 4 et ",

forsome ¢; € R, i =1,2....,n, where n = [o] + 1
Lemma 2.2 (Ascoli-Arzela theorem). A be a subset of
C (J,E), A is relatively compact in C (J, E) if and only if
the following conditions are checked:
(i) The unit A is limited.
3k > Osuchthat ||f (2)||g < kforz € Jand f € A.
(i1) Unit A is equicontinuous.
Ve > 0,30 > 0 and for evry t1,t2 € J we have
[t1,t2] <6 = |If (1) = f(t2) |le <&
(iii) Forany x € Jtheunit{f (x), f € A} C Fisrelatively
compact.
Lemma 2.3 (Banach fixed point theorem). Let X be a non-
empty complete metric space, and 7' : X — X is a contraction

Lemma 3.1.

‘D%u(x) =

need in the proof of results of this work. Section 3, focus
on the presentation of the solution for the boundary value
problem for nonlinear fractional differential equations of
mixed Volterra-Fredohlm integral equations (1) involving the
Caputo fractional derivative, then the proof of the existence
results will be given in several steps. Section 4. Contain
the proof of the existence and uniqueness of solution to the
boundary value problem in two steps. Finally, an example will
be added to illustrate and clear the results obtained.

2. Preliminaries

For the convenience of the reader, we present here
some necessary definitions from fractional calculus theory.
These definitions and properties can be found in the recent
monograph [13-17]

Definition 2.1. The Riemann-Liouville fractional integral of
order & > 0 of a function f : (0, 00) — R is given by

o7 (1) = 1) / (- f(s)ds, @

I'(«
provided that the right-hand side is defined pointwise, where
I'(.) is the Gamma function.

Given a continuous function f : (0, 00) — R, its fractional
derivative with order v > 0 in the sense of Riemann-Liouville,
is given

)n / (-8 f (s) s, @

mapping. Then, there exists a unique point z € X such that
Tx =x.

Lemma 2.4 (Krasnoselskii fixed point theorem). Let E be
a non-empty, bounded, closed and convex subset in Banach
space X: If A, B : E — FEsatisfy the following assumptions:

1. Az + By € E, forevery xz,y € X,

2. A s a contraction,

3. B is compact and continuous.
Then, there exists z € X such that Az + Bz = z.

3. Existence Results

This section consider the study of the existence of solutions
to the boundary value problem (1). By Lemma 3.1, the
boundary value problem (1) be transformed into a fixed point
problem.

Let F' € C'(0,1) and u € C(J.R) be continuous real valued
functions, then the solution of the problem

F(z) + X [ [ k(r, tyu(t)dtdr, 4)

u(0) =u(l) =0,
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is given by
u(zr) = S /w(x —8)* 1F(s)ds + A /m(x — )t /S /1 k(r,t)u(t)dtdrds
I'(a) Jo I'(a) Jo o Jo 7 '
1 1 . A 1 L
N st (s)ds + - / (1— )7 / / k(r, u(t)dtdrds | 2. )
{I‘(a) /0 I'(a) Jo 0 Jo
Proof Apply the Riemann-Liouville fractional integral 7 on the both side of equation (2), and using Lemma 2.1, we get
u(z) = L /m(x _ S)a_lF(S)dS—F L /z(x _ S)a—l /S /1 k(r,t)u(t)dtdrds + c1x + ¢ (6)
I'(a) Jo I'(a) Jo 0 Jo 7 ' .

The boundary condition u(0) = 0 gives ¢z = 0.
using the boundary value condition u(1) = 0,

1

cp =

taking the values c; and ¢ into (4) gets

u(zr) = L

’ a-1 A
m/o (x—s) F<8)d5+1"(a)

" T(a) 1 — ) T (s S_L 1 —g)o ! e r,t)u rds
r(a)/o(l )Y (s)d F(a)/o(l ) /O/Ok(,t) (t)dtdrds,

/Oz(“”_s)a_lfos /Olk(nt)u(t)dtdrds.

_ {F(loz) /01(1 — 5)* 1 F(s)ds + ﬁ /01(1 — ) /O /01 k(r, tyu(t)dtdrds | z.

Thus complete the proof.

The first result concerns the study of existence of solution
for the boundary value problem (1) by using the Krasnoselskii
fixed-point theorem. For this fact, let supose the followng
assumptions about the functions previously defined.

Denote X = (C([0,1]xR)), R), the Banach space endowed
with the norm

[ul = sup fu()],
te[0,1]
foru € X.
(H;) Since the kernel is continuous on bounded interval,
then
[k(r, )| < M.

We define the operators A, B : X — X by

Au(z) = ]f‘(la)

and

x

Bu(z) =

(Hz) The function f : J X R — R is continuous and there
exist non negative function ¢ such that

f (2, u(@))] < ofz).
(Hj3) There exist a positive constant C' such that
[f(@,u) = fz,0)] < Cllu—v]|

Theorem 3.1. Assume that the assumptions H (1) — H(3)

hold. If
Al M

(F(ac+ IRECE 2)) <1

then the mixed WVolterra-Fredholm fractional differential
equation (1) has at least one solution in X on J.
Proof

_— /Om(x — 8)* L f(s,u(s))ds + r(/\a) /Om(x — 5! /0 /01 k(r, t)u(t)dtdrds,

_P(Q)UOIQ_S)Q1f(s,u(s))ds+A/Ol(1_s)al/os/olk(r,t)u(t)dtdrds .

Now, we show that the operators A and B satisfy all the conditions of Lemma 2,4 in a series of steps.

Step 1. We define the set

S:{UGX7 ||u||X gT,}

where r is a positive real constant such that

2ol (e +1)

r>

T(a+2) -2\ M
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First, we show that Au + Bu € S. So foru € S and z € J, we have
|Au(x) + Bu(z)|

- ‘1 m(ac —8)* 1 f(s,u(s))ds + F(Aa)/o(m - s)a—l/os/olk(r, tyu(t)dtdrds

@ U (1- )a_lf(&U(S))ds—f—)\/ol(l—s)a_l/Os/olk(r,t)u(t)dtdrds}

< i [ seaenas - oL [t [ ol o araras
F(xa){/ol( — )7 [ (s uls)) |ds+|>\|/ )T l/os/ollk(r,tﬂu(t)dtdrds]
= ff%f >dS*Ikﬂ0lfows>“1]C j£1A4|u@)(ﬁdrds
| /0 (= sy totsgds + [ (== [ [ ar ) auaras]
< el Al M [ull x ol AL M [Jul x

I'a+1) Ia+2) INa+1) I'a+2)

ol Al M [Jul| x
<
= 2<F(a+1)+ T(a+2)
2o (e +1)
<
T(a+2)—2\M ="

<

Therefore, || Au + Bu|| y < r, that means that Au(z) + Bu(z) € S.
Step 2. Show that the operator B is contraction on .S, for u,v € S and « € J. Using the assumption (H3) we have
|Bu(x) 4 Bu(x)]
1

‘@/01(173)0*1]0( ())derF()‘)/ (1-s ”‘1// (r, tyu(t)dtdrds
_ﬁ/ol(l_s)a*f( ())ds—i—r()\)/ 1—80‘1// (r, t)o(t)dtdrds

1 ! a—1 )\
< F(a)/o (1—=38)*""|f(s,u(s)) — f(s,v(s) \ds+r(a)/0 (1—s)°" // |k(r, t)| [u(t) — v(t)| dtdrds
71 ' a-1 A ! a—1
< F(a)/o (1—5) C|u(s)—v(s)\ds+r(a)/0 (1—35) /O/OM\U(t)—v(t)\dtdrds
c || M
< Tla+D) lu(z) —v(z)| + (o +2) lu(z) — v(z)|

c IA| M
< (g + gy ) @ — @Il

Then, the operator A is a contraction on S. -
Step 3. Now, prove that A is completely continuous on S. This needs to show that the set (AS) is uniformly bounded, the set (AS) is

equicontinuous, and the operator A : S — S is continuous.
Foru € Sandx € J,

Au(z)| = ’%a)/ox(xfs)a_lf(s,u(s))derF(/\a)/ v —s) // (r, tyu(t)dtdrds|

LT e LY e -
< o et stsatends + 2L ot [ ko uto) duara
i IZ'*SQ71(73 S ﬁ mxisafl u rds
= F(a)/o( )" o(s)d +F(a)/0( ) /O /0 M |u(t)| dtdrd
< o]l AL M |ul| x
- Tla+1)  T(a+2)
o el D

MNa+1) T(a+2)
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Then, the set (AS) is uniformly bounded.

Now, show that (AS) is equicontinuous. Let 1, 2 € J with 1 < x2, we have for any u € S,

| Au(zs) — Au(z)]
_ ‘ / (22— 5)° f(syu(s))dﬁﬁ/o / / k(r, t)u(t)dtdrds
) / (@1 = 9" flsulds + s [ A / K, tju(t)dbdrds
s r%x) ™ ey = 0w s+ I(AI)/O S)O‘*l/os/ol\k(r,t)||u(t)|dtdrd8
i = ssaenas + 2L g0t [ ko ato) duaras
< % Ozl (2 — )7 | f (s, u(s))|ds+r(1a) /”(@—s)a-l £ (s, u(s))| ds
+%/0 (z2 — 5)*~ 1/ / |k (r, )| u(t)| dtdrds + |(|)/:(mz—s)°‘1/05/01|k(nt)llu(t)dtdrd5
~mag | @0 s+ 1o [ *1/03/01|k<r,t>||u<t>|dtdrds
< i :@crs)”‘ s uloplas + L [ CSE | ko, )] ()] dedrds
< gy @ @ s | (xz—s>°‘—1/03/01M\u(t)|dtdrds
(o= 2 (ol = 8 + LA (o -y

As x1 — x2 the right hand side of the above inequality tend to zero. Therefore, it follows that (AS) is equicontinuous.
Finally, show that the operator A is continuous in X. Let (u,) be a sequence in S converging to a point u € S. Then, by Lebesgue

dominated convergence theorem, for all z € J, we have

lim Aun(z)

N oo

lim
N o0

1

(@)
1

I'(«@)

lim f(s,un(s))ds +

N oo

JACED R

Consequently, A is continuous.

Therefore, A is also relatively compact on S. Using the Arzila-
Ascolii’s theorem, we conclude that A is compact on S. Now, all
conditions of Krasnoselskii’s fixed point theorem are satisfied, so the
operator equation Au+ Bw has a fixed point on S. Finally, we deduce
that the boundary value problem (1) has at least one solution in X on
J.

4. Existence and Uniqueness Results

This section is for the study of the existence and uniqueness of
solution of the the boundary value problem (1). This result is obtained

Tu(z) = %) /Oz(:v —5)* (s, u(s))ds +

{ﬁ /O (o= 9) s un())ds + %a) /O s /0 S /0 (O () ds
ﬁ/z(m_s)a*/s/l K(r,1) 1 (6)dtdrds

/Oz(x—s)aflf(&u(s))ds‘i‘ﬁ/ z =) 1/ / K ut)dtdrds = Au(o).

by using the Banach fixed point theorem.
Theorem 4.1. Assume that the hypothesis (H1), (Hz2) and (Hs)
C (A M

are true. If
2 1.
(F(a+1) F(a—|—2)> <

Then the boundary value problem (1) of fractional differential
equation of Volterra-Fredohlm integral equations has a unique
solution in X on J.

Proof Define the operator T :
boundary value problem (1) by

X +— X associated with our

()/ (x —8)*” 1// (r, t)u(t)dtdrds
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_%[/01(1_5)& 1f (s, u(s) ds+)\/ (1— ) //krt t)dtdrds|.

Now, the proof that the operator T has a fixed point in S which represents the unique solution of the boundary value problem (1) will be
given in two steps..

Step 1. In the same set S defined in the first part.

First, let show that 7" maps S into itself (T'S C S). Forz € Jand u € S,

| Tu(z)]

- ’ﬁ/oz(a:—s)a_lf(s,u(s))ds-i-P(/\a)/ //krt t)didrds

e [/lufs)a sautas+a [ a-o // (r Ot as|

< Fa) 0 (o= ) (s, uls ))\dH%/O(x—s)a 1/ / k()] u(t)] dtdrds
+$_/01(1—s)a Vs, uls ))|ds+|)\|/ (1—s)"" 1/ / |krt\\u()|dtdrd8}

< ﬁ/j(m—s) o(s)ds +P|(Ac|y)/0 (x—s)‘*‘l/ / M [u(t)| dtdrds
+ﬁ:/01(1_ 5)o1 s)ds+|/\|/ (1—8) //M|u |dtdrds]

< loll | IAMr ol My

MNa+1) T'(a+2) TI(a+1l) T(a+2)

llo|l |\ M
=2 (F(a+1> * F(a+2)>

2l (@+1)
T(a+2)—2A[M =

<

for any u € .S, we have

2||o|| (e + 1)
1 < <
ITu@)ll - < Tla+2) —2\M="

which show that the operator 7" maps S into itself.
Step 2. Now, let show that the operator 7' : S — S is a contraction. Let u, v € X, and x € J. By assumption (H3), obtain

[Tu(x) — To(z)||
= ﬁ /Oz(:p —5)* (s, u(s))ds + F()\a) / x—8)" 1/ / (r, t)u(t)dtdrds
1

—ﬁ{/gl(l—s)a_lf(s,u(s))ds—&-)\/o( —s)a-lfo /0 k(r,t)u(t)dtdrds}

1 ® o1 A @ wr [* 1
_@/O (x — s) f(s,v(S))ds—m/ (x—s) //k(r,t)v(t)dtdrds
+F(a) {/0 (1—35)*""f(s,v(s ))ds—i—/\ —8)*” / / (r,t)v dtdrds]
— fos‘kl s,u(s)) — f(s,v(s))|ds AL r— )1 D) lu(d) — v rds
<ty ), @97 ) — fs )l d +r<a>/0< ) /o/o"“(’t)" (1) — o(t)| didrd
+F(a)[ | =0 o) = po@las+ 4 [ a-o7 [0 ] \k(r,t)||u(t)—v(t)\dtdrds]
L zm_5a71 u(s s A x—s5)* ! e u(t) — v rds
< () 0( )T Clu(s) —v(s)|d +F(a)/0( ) /O/OM| (t) — v(t)| dtdrd
1 1 a1 1 - s 1
+@M (1—s) c\u(s)—v(s)lds+\A\/0 (1—s) /O/OM|u(t)—v(t)|dtdrds}
< Lol 2+ o+ 2y
- Dla+1) MNa+2) Na+1) [l +2)

IN
()
VR

=
Q

+
Nt

+

=
Q

_l’_

X
N——
B
|
=
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This implies that the operator 7" is contraction.

Then by the Banach fixed point theorem, there exists a unique point
u € X such that Tuw = w, it is the unique solution of our boundary
value problem (1). The proof of theorem 4.1 is completed.

5. Example

Consider the following boundary value problem of nonlinear
fractional differential equation of mixed Volterra-Fredohlm integral
equation

‘Du(z) = flz,u(@))+ L [ [H(r— tyu(t)dtdr (7)

u(0) = u(1) =0,

The boundary value problem (7) is a particular case of our problem
() with a = L, A = L fz,u(z) = 2@ 4nq
k(r,t) =r—t.

Clearly, f and k are contunious functions satisfied the assumption
(H1) and (H2) with

T
O'(J]) - E7
and
|h(r,t)| <1
Also

_ < _
() = fa,0)] < - -
x
< _
< Sllu-vl
1
< — — .
< Sllu—vl

Using the values we have, we get

[A| M
I'a+2)

c

(F(a ) ) = 0.1969230769 < 1.

Where C' = 15, A=t and M = 1.

Since the assumptions (H1), (H2) and (Hs) hold, according to
Theorem 3.1 the problem (7) has at least one solution.

To see if the solution is unique, note that assumptions (H1 ), (H2)
and (H3) are hold, from first part of existence results. Also, the
condition of Theorem 3.2

A M
INa+2)

2 ¢ = 0.3938461538 < 1,
IMNa+1)

are satisfied, therefore from Theorem 3.2 the problem (7) has a unique

solution.

6. Results

This paper cotained two important results, the first one based on
Krasnoselskii fixed point theorem, after transforming the boundary
value problem into integral equation and defined operator equation,
then by applying Krasnoselskii fixed point theorem to get the
existence resutl. The second result was the existence and uniqueness
of solution for the boundary value problem, this result was proved by
using the Banach fixed point theorem.

This work gives as results the existence and uniqueness of solution
for boundary value problem of nonlinear fractional differential

equations of mixed Volterra-Fredohlm integral equations in Banach
space, using the fixed point theory.

7. Discussion

In view of the research cited in the introduction we can see that the
problem we studied in this paper is new subject for Volterra-Fredohlm
integral equations, this studies based on fractional order, more than
this we studied our problem using fixed point theory, previous
research studied this kind of problem uding numerical methodes. The
different also in the hybrid perturbation ( the boundary value problem
was perturbated with Volterra-Fredholm integrgl equation).

8. Conclusions

This work consider the existence and uniqueness of solutions
for the boundary value problem for nonlinear fractional differential
equations of mixed Volterra-Fredohlm integral equations in Banach
space. The existence results of solutions for the boundary value
problem (1) was obtained by transforming the problem into a Volttera
integral equation and using the Krasnoselskii fixed point theorem
under some conditions. The second result was the existence and
uniqueness of solution for the boundary value problem, by using the
Banach fixed point theorem and after transforming the problem into a
fixed point problem, the result was proved.
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