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Abstract: The quotients of Fermat curves C,. s(p) are studied by Oumar SALL. Among these studies are the cases C,. 5(11)
for r = s = 1. Mamina COLY and Oumar SALL have explicitly determined the algebraic points of degree at most 3 on @ for
the cases C, 4(11) for r = s = 2. Our work focuses on determining explicitly the algebraic points of degree at most 3 on Q on
the curve Cy 4(11) which is a special case of Fermat quotient curves. Our study concerns the cases Cy. s(11) for r = s = 4. It
seems that the finiteness of the Mordell-Weil group of rational points of the Jacobien J4 4(11)(Q) is an essential condition. So
to determine the algebraic points on the curve C4 4(11) we need a finiteness of the Mordeill-Weill group of rational points of the
Jacobien Jy 4(11)(Q). The Mordell-Weil group J4 4(11)(Q) of rational points of the Jacobien is finite according to Faddev. Our
note is in this framework. Our essential tools in this note are the Mordell-Weil group J4 4(11)(Q) of the Jacobien of Cy 4(11)
the Abel-Jacobi theorem and the study of linear systems on the curve C4 4(11). The result obtained concerns some quotients of
Fermat curves. Indeed, the curve Cy4 4(11) which is the subject of our study, the set of algebraic points of degree at most 3 on Q
has been determined in an explicit way, to achieve this we have determined the quadratic points on the curve C4 4(11) on @ and
the cubic points on the curve C4 4(11) on Q.
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1. Introduction

Let C be a smooth algebraic curve defined on Q. Let K be
a field of numbers we note C(K) the set of points on C with
coordinates in K, and | . g < 4 C(K) the set of points on C
with coordinates in K of degree at most d on Q. The degree
of a point R of C algebraic on Q is defined as the degree of its
defining field on Q; in other words deg(R) = [Q(R) : Q).

In this note we will focus on the curve C44(11)
with affine equation y!'! = rtz - 1)
which is a special case of quotients of Fermat curves
Crsp) :y?p = 2"(xz —1)°, 1 < r,s;r+s < p—1
studied in [8-10]. The cases C, 5(11) for r = s = 2 are studied

U Cii(11)(K) =

[K:Q]<2

18

in [2]. See [1, 3, 4, 11] for other explicit examples. Indeed,
C corresponds to the curve C4 4(11). The curves C, (p) are
quotients of F}, [6, 15].

We denote by J4 4(11) the Jacobien of C4 4(11) and by j(P)
the class denoted [P — Pu] of P — P, that is to say j
is the Jacobien fold C44(11) — Js4(11). The Mordell-
Weil group J4 4(11)(Q) of the rational points of the Jacobien
is finite [5, 6, 12, 13]. The curve C44(11) in projective is
Caa(11) : Y = X4Z7(X — Z)%Letusnote Py, Py and
P the points defined by: Py, = (0,0,1); P, = (1,0,1) and
P, = (1,0,0). It follows from the work of Gross-Rohrlich
in [6 ] ,that

\/y”+i,y> IyGQ}U{Poo}
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In this note we determine the set
U  Cuain)(x)

[K:Q<3
Our main result is the following: Theorem 1.1 The set of algebraic points of degree at most 3 on Q of the curve Cy 4(11) is

given by:
U Cat)(E) = {Po, P, P} USH U Sy
[K:Ql<3
with

So = {(33, (ax(z — 1))%) | a € Q* etz isroot of the equation x(x - 1) = a“}

1 1
S = {(m, (afz(z — 1))3)8) | @ € Q* etz is root of the equation x(x - 1) = 11}
@
2. Auxiliary Results
For a divisor D on C, we note £(D) the Q-vector space of rational functions f defined on Q such that f = 0 or

div(f) > —D; (D) denotes the Q-dimension of £(D).

Lemma 2.1 we have: Jy; 4(11)(Q) = Z/11Z

Proof: According to Gross and Rohrlich ([6 ], p. 219), we have: Jy 4(11)(Q)iorsion = Z/11Z, and According Faddeev
[5], ona: Jy4(11)(Q)torsion = J1,4(11)(Q).

Lemma 2.2 C4 4(11) : y't = 2*(z — 1)%, we have:

(@)
div(z) = 11Py — 11Ps;
div(z —1) = 11P, — 11P.;
dl’U(y) = 4P0 + 4P1 — 8P;>o
(i)
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T — 1)7 y5 ) y2 ) ) y7
3 2 —-1 2 -1 3 -1 3
‘C(llpoo) = 17 Y ) i (x ) ) x(x )7 Y, ’ (x ) , Ly
z(z — 1) Yo Y2 Y7
3 2 —1 2 -1 3 -1 3 7
['(12POO) = 17 4 ) z (x = ) ) x(x )7 Y, : (x ) s Ly Y
z(z — 1) y° y? Y7 z?(x — 1)

Proof: Let x, y be the rational functions on Q given by: z(X, Y, Z) = % andy(X, Y, Z) = %, which allows to give the
projective form of the curve

Coa(11) : YU = X4Z7(X — Z)% (i)

@ A
. X
div(z) = dw(f) = (X =0)-C44(11) = (Z =10) - C44(11)

a) For X = 0, wehave Y!'!' = 0; pour Z =

1 we obtain the point P, = (0, 0, 1) with an order of multiplicity
equal to 11. Hence

(X = 0)-Csa(11) = 11(F). ey

b) The same goes for Z = 0, we have Y!! = 0;for X = 1 we obtain the point P, = (1, 0, 0) with an order of
multiplicity equal to 11. Hence

(Z = 0)-Cya(11) = 11(Ps). )
The relations (1) and (2) give
div(z) = 11(Py) — 11(Ps).
B)

X—-Z

dive —1) = div(==) = (X = 2) Caa(11) = (Z = 0)-Caa(11)

a) For X = Z, the relation (i) give Y1 = 0.
We thus obtain the point P; = (1, 0, 1) with an order multiplicity equal to 11. Hence

(X = 2)-Cya(11) = 11(P1). 3)

b) For Z = 0, wehave Y!! = 0;for X = 1 We thus obtain the point P,

= (1, 0, 0) with an order multiplicity
equal to 11. Hence

(Z = 0)-Cs44(11)

11(Py). @)

From relations 3 and 4 we deduce
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div(zx — 1) = 11(Py) — 11(Pw).

O
) .Y
div(y) dw(g) =Y =0)-C4a—(Z =0)-Cyg4.
a) ForY = 0,wehave X*(X — 1)* = Owhen Z = 1;this give X* = Oor (X — 1)* = 0.
Hence
(Y = 0)-Caa(11) = 4(Py) + 4(Py). )
b) the equation (i) can be written as: Y® = XY 37Z7(X — 2)4
Thus Z = Owe X = 1, wehave Y® = 0 we obtain the point P, = (1, 0, 0) with an order multiplicity equal
to 8. Hence
(Z = 0)-Csa = 8(Px) (6)

The relations (5) et (6) lead to the fact that div(y) = 4(Py) + 4(P1) — 8(Pw).
(i1) Resulte of (i).
Corollary 2.1 The following results are consequences of Lemma 2.
1) 1Lj(Ry) = 1Lj(P) = 0
2)  4j(R) = —4j(P)
So j(P) and j(P;) generate the same group Jy 4(11)(Q) isomorphic to Z/11Z.
Thus we have J4 4(11)(Q) = Z/11Z = {mj(Fy), 0 < m < 10}.

3. Demonstration of the Theorem

3.1. Quadratic Points on C4 4(11)

Let R € (C44(11)(Q) with [Q(R) : Q] Let R; and R, be the conjugates of R in the Galois sense, and work with

= 2.
t = [R1 + Ry — 2P ] whichis apointof J4 4(11)(Q) = {mj(F), 0 < m < 10};s0¢t = mj(FPp) with0 < m < 10,
thus

[Rl + Ry — 2Poo] = mj(Po) with0 < m < 10 (k‘)

We notice that R ¢ {Py, P1, P}
1% casem = 0.
The formula (k) becomes [R; + R — 2P = 0.
There is a rational function f such that div(f) = Ry + Rs — 2P, so f € L(2P). According to the lemma
3
2, we have f = a + bﬁ with @ # 0 (otherwise one of R; would be equal to Py) and b # 0 (otherwise
x(x —
L(2Px) = L(Px)).
At points R; we have:

Wl
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On the other hand, we have:

— (—%)T (@(z — 1)% =2tz — 1)}
= (-9 e - 1) (@le = 1)F =@ 1"

b
— (f%)* (2(z—1)7 =1
— (f%)11 (z(z— 1)) =1

We thus find a family of points:

Sy = { (m, (ax(x — 1))é> | @ € Q*and x is the root of the equation z(x — 1) = all}

2 casem = 1
The formula (k) becomes

[R1 + Ry = 2Ps] = j(Po) = (4 = 3)j(Ro) = 4j(Fo) — 35(Fo)

According to the corollary 1 we have:

[R1 + Ry — 2Px] = 4j(Py) —3j(Po) = —4j(P1) — 3j(Fo)

= [~4P; + 4Ps — 3Py + 3Py = [~3P) — 4Py + TPy

Hence

[Ry + Ry +3Py+ 4P, — 9Py =0

There exists a rational function f such that

div(f) =Ry + Ry +3Py+ 4P, — 9Py, s0f € L(9Ps).

According to the lemma 2, we have:

164
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Y 22(z — 1)2
f_a+bx(x—l)+c " +d ;
We have ordp, f = 4dhencea =b=c=d=0s0o f = ey we have e # 0 otherwise ordp, f # 4 which is absurd. At
points R;, we have 0 = ey hence y = 0 and therefore 0 = z*(x — 1)* eitherz = Oor (z —1)* = 0 we find the
points Py and P; which is absurd.
34 casem = 2
The formula (k) becomes

z(x — 1
G

[Ry + Ry — 2Px] = 2j(Py) = (4—=2)j(Ro) = 4j(Fo) — 2j(Fb)

According to the corollary 1 we have:
[R1 + Ry — 2Px] = 4j(Ry) —2j(Fy) = —4j(P1) — 2j(Fo)

= [~4P; + 4Ps — 2Py + 2P = [~2P) — 4Py + 6Py

Hence

[R1 + Ry +2FPy+ 4P, — SPOO]:O

There exists a rational function f such that

d’L’U(f) =Ri + Ry +2FPy+ 4P, — 8P,sof € £(8Poo)
According to the lemma 2, we have:

v’ 2’z — 1)
e e ) B B
We have ordp, f = 4hencea=b=c=d=0so0 f = ey we have e # 0 otherwise ordp, f # 4 wich this absurd. At
points R;, we have 0 = ey hence y = 0 and therefore 0 = z*(z — 1)* eitherz = Oor (z —1)* = 0 we find the
points Py and P; which is absurd.
4™ case m = 3.
The formula (k) becomes

x(x — 1)
d 5 + ey

[Rr + Ry — 2Px] = 3j(P) = (4—1)j(R) =4j(P) —j(F)

According to the corollary 1 we have:

[R1 + Ry — 2P| =4j(Py) —j(Ry) = —4j(P1) — j(Po) = [-4P1 + 4P — Py + Pxo] = [Py — 4P + 5Px]

Hence

[Ri + Ro+ Py +4P —TPx] =0
There exists a rational function

fsuchthatdiv(f) = Ry + Ra+ Po+ 4P — 7TPx,s0f € L(7TPx).
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According to the lemma 2, we have:

3 2 2
Yy zé(xz — 1)
= b
=t et & v
We have ordp, f = 4hencea =b=c=d = 0so f =0 which is absurd.
5 case m = 4
The formula (k) becomes

[R1 + Ry — 2Px] = 4j(P)
According to the corollary 1 we have:

[R1 + Ry — 2P| =4j(Py) = —4j(P1) = [-4P, + 4P4]
Hence

[Rl + Ry + 4P —6POO] =0

There exists a rational function f such that div(f) = Ry + Ry +4P; — 6P, ,s0f € L(6P).
According to the lemma 2, we have:

3 2 2
y x*(x — 1) x(x — 1)
fras ww—1 T ’ y?
We have ordp, f = 4 hence a =b = ¢ = d = 0 and therefore f = 0 which is absurd.
6N casem = 5
The formula (k) becomes

[R1 + Ry — 2Px] = 5j(F) = (11-6)j(F) = 115(Fy) — 65(Fo)
At points R;, we have:

[R1 + Ry — 2Py] =11j(Py) —6j(FPy) = —65(P) = [-6P + 6Px]

Hence

[Rl + Ry +6F — 8Poc] =0

There exists a rational function f such that div(f) = Ry + Ry + 6Py — 8P ,s0 f € L(8P).
According to the lemma 2, we have:

3 2 2
Y (x — 1)
— b
f=at x(ﬂ?—l)+c y° * y

2 Ty

We have ordp, f = 6 hence

a=b=c=d=e=0s0 f =0 which contradicts the fact that ordp, f = 6 absurd.
7" case m = 6

The formula (k) becomes

[Ry + Ry — 2Px] = 6j(P) = (8—2)j(Ro) = 8j(Fo) —2j(Fb)
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According to the corollary 1 we have:
[R1 + Ry — 2Px] = 8j(R) —2j(Po) = —8j(F1) — 2j(F)

= [-8P| + 8P, — 2Py + 2Ps,] = [-2Py — 8P, + 10P4]

Hence

[R1 + Ry + 2Py + 8P — 12POO] =0

There exists a rational function f such that

div(f) =Ry + Ry + 2Py 48P, — 12Py,sof € L£(12Ps)

According to the lemma 2, we have:

3 2 2
Y zé(z — 1)

= b
! a+x(33—1)+c y°

z(z — 1 23 (x—1)3 7
+d ( 5 )+6y+61¥+62$+€3 5 i
Y Y z

(z—1)?

We have ordp, f = 8,hencea + e =0and b=c=d=e=-¢e; =e3=0;5s0 f = ea(x — 1) and therefore one of R;
should be equal to P; which is absurd.

8 casem = 7
The formula (k) becomes

[R1+ Ry —2P] = Tj(P) = (11 -4)j(FP) = 115(Fy) — 45 (Fo)

According to the corollary 1 we have:

Ry + Ry — 2P = 1Lj(Ry) — 4§(Py) = —4j(Py) = [~4Py + 4Py]

Hence

[Rl + Ry +4P076P00] =0

There exists a rational function f such that

dw(f) =Ry + Ry +4Py — 6P,,s0of € [:(GPOO)

According to the lemma 2, we have:

3 2 2

Yy z?(x — 1)
= b d
ooty ey Ty

We have ordp, f = 4hencea =b=c=d=0so0 f =0 which is absurd.
9" case m = 8

The formula (k) becomes [R; + Ry — 2P| = 8j(F)

According to the corollary 1 we have:

[R1 + Ro — 2Px] = 8j(F) = —8j(P1) = [-8P1 + 8Px]
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Hence

[Rl + Ry +8P; — 10POO] =0
There exists a rational function f such that div(f) = Ry + Ry +8P; — 10P,, ,so f € L(10P).
According to the lemma 2, we have:

= b
o= eyt 7

We have ordp, f = 8 hence

a=b=c=d=e=e; =0s0 f =0, which is absurd.
10" case m = 9

The formula (k) becomes

[R1 + Ry — 2Px] = 9j(R) = (11 =2)j(R) = 11j(F) — 2j(F)

According to the corollary 1 we have:

[Ri + Ry — 2P] = 11Lj(Py) — 2j(Py) = —2j(Fo) = ~2[Py — Pa] = [~2Py + 2P|

Hence

[R1 + Ry +2P0—4P00] =0

There exists a rational function f such that

div(f) =Ry + Ro+ 2Py —4P,s0f € L(4P).

According to the lemma 2, we have

3 2 2
Yy zé(xz — 1)
= b
f=at x(x—1)+c Yo

-1
We have ordp, f = 2hencea=b=0s0 f = c——-—" wehave c# 0otherwise ordp, f # 2 which is absurd.
2?(x — 1)2

At points R;, we have 0 = ¢ 5
y

hence z2(z — 1)2 =0 either z = 0 or x = 1 we find the points P, et P

which is absurd.
11t case m = 10
The formula (k) become

[R1 + Ry — 2P| = 10j(Fy) = (11 = 1)j(Fo) = 115(Fo) — j(Fo)

According to the corollary 1 we have:

[R1+ Ry —2P] = 115(Ry) — j(Po) = —j(FPo) = —[Po — Px] = [P0 + Pwo]

Hence

[Rl + Ry +P0—3POO]:0
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There exists a rational function

f such that diV(f) =Ry + Ro+ Py — 3P,

So
f € L(3Px)and as L(3P) = L(2P)
So one of R; should be equal to P,, wich is absurd.

3.2. Cubic Points on C4,4(11)
Let R € C44(11)(Q) with [Q(R) : Q] = 3. Let Ry, Ry and Rj be the conjugates of R in the Galois sense, and work with
t = [R1 + Re + Rs — 3P4] whichis a point of J; 4(11)(Q) = {mj(F), 0 < m < 10};s0t = mj(Fp) with
0 < m < 10, thus
[Rl + Ry + R3 —3POO] = m](P()) with0 < m < 10 (t)

We notice that R ¢ {Py, P1, P}
1% casem = 0.

The formula (t) becomes [R; + Rz + R — 3Px] = 0.
There exists a rational function f such that

div(f) = R1 + Re + R3 —3Px,s0f € L(3Py)and asL(3P) = L(2P)
So one of the R; should be equal to P, which is absurd.

21 casem = 1
The formula (¢) becomes

[R1+ Ry + R3 — 3P| = j(Fo) = (4—3)j(F) =4j(Fo) — 3j(Fo)

According to the corollary 1 we have:

[R1 + Ro + Rz — 3P| = 4j(Po) —3j(Py) = —4j(P1) — 3j(FPo)

= [<4P; + 4Ps, — 3Py + 3Ps] = [=3Py — 4Py + TPy

Hence

[Rl + Ry + Rs +3Py+4P; — 1OPOO] =0

There exists a rational function f such that

dw(f) =Ri + Ry + R3+3Py+4P; — 10P,,sof € E(lOPOO)
According to the lemma 2, we have:
y3 IQ(I _ 1)2

f = a—|—bx(x_1)+c 7

-1 3(x—1)3
+d$(m2 )+ey+617z (I7 )
Yy Yy

3 -1 3
We have ordp, f = 4hencea=b=c=d=0s0f = ey + elw ; one of R; should be equal to Fy which
Yy
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is absurd.
3 case m = 2
The formula (¢) becomes

[B1+ Ry + Ry = 3Puc] = 2j(R) = (4 = 2)5(F) = 4§ (Po) — 25(Fo)
According to the corollary 1 we have:

[R1 + Ry — 2Px] = 4j(Py) —2j(Po) = —4j(P1) — 2j(Fo)

— [<4P; + 4Ps — 2Py + 2P = [~2P) — 4P; + 6Py

Hence

[Ri + Re + Ry +2Py+4P, — 9P| =0

There exists a rational function f such that

div(f) =Ry + Ra + Rs + 2Py + 4P, — 9P,s0f € L(9Px) and as L(9P,) = L(8P~)
Therefore one of R; should be equal to P,, which is absurd.

4 case m = 3.
The formula (¢) becomes

[Ri+ Ry + R3 —3Px] = 3j(Po) = (4—1)j(Py) = 4j(Po) — j(Fo)

According to the corollary 1 we have:
[R1 + Ry + R3 — 3Px] = 4j(FR) —j(Po) = —4j(P1) —j(Fo)

= [<4Py + 4Ps — Py + Ps] = [~ Py — APy + 5Py

Hence

[Ri + Ro+ Rs + Py +4P; — 8P, | =0

There exists a rational function f such that

div(f) = Ry + Ry + Rs+ Py+ 4P, — 8P, s0f € L(8Ps)

According to the lemma 2, we have:

3 2 2
Yy x*(x — 1)

= b
e I /

We have ordp, f = 4hencea =b=c=d = 0s0 f = ey we have e # 0 otherwise ordp, f # 4 which is absurd . At
points R;, we have 0 = ey hence y = 0 and therefore 0 = z*(x — 1)* eitherz = Oor (z —1)* = 0 we find the
points Py and P; which is absurd.

5 casem = 4
The formula (t) becomes
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[R1 + R + R3 — 3P| = 45(Po)

According to the corollary 1 we have:

[Ri+ Ry + Ry —3P] = 4j(Fy) = —4j(P1) = [-4P1 + 4Px]

Hence

[Rl + Ry + Rs3 +4P1—7POO]:0

There exists a rational function f such that

dZU(f) =Ry + Ry + R3 +4P; —TPy,s0f € E(?POO)
According to the lemma 2, we have:

3 2 2
Yy z?(x—1)
= b d
g D T Ty

z(x —1)

We have ordp, f = 4 hence a = b = c = d = 0 and therefore one of f = 0 which is absurd.
6" casem = 5
The formula (¢) becomes

[Ri+ Ra+ Ry —3Px] = 5j(Fo) = (11 —-6)j(Fo) = 115(Fo) — 65 (Fo)

According to the corollary 1 we have:
[R1+ R + Ry = 3Px] = 11j(Fy) — 6j(Fo) = —6j(Fy) = [-6F + 6P

Hence

[Rl 4+ Ry + R3 + 6P — 9Poo]=0

There exists a rational function f such that

div(f) = Ry + Ry + Rs + 6P —9Ps,s0f € L(9Ps)

According to the lemma 2, we have:

f ot x(ﬂv—l)Jrc y° * Yy

We have ordp, f = 6 hence

a=b=c=d=-e=0s0 f =0 which contradicts the fact that ordp, f = 6 absurd.
7hcasem = 6

The formula (¢) becomes

[R1+ Ra + Rs — 3P| = 6j(F) = (11 —5)j(Fo) = 115(Po) — 55(Fo)



American Journal of Applied Mathematics 2022; 10(4): 160-175

According to the corollary 1 we have:

[R1 + Ry + Rs — 3P| = 11j(Ry) —5j(Py) = — 55(Fo) = [-5P0 + 5Px]

Hence

[R1 + Ry + R3+5FP) — SPOO]:O

There exists a rational function f such that

dw(f) =Ri + Ry + R3+5Py— 8P4,sof € £(8POO)

According to the lemma 2, we have:

3 2 2
y z7(z—1)
= b
/ ¢ x(x—l)JrC Yo
~1
pRCa
y

We have ordp, f = 5,hence a =b=c=d=e=0;s0 f =0 which contradicts the fact that ordp, f = 5 absurd.
8hcasem = 7
The formula (¢) becomes

[R14+ R2+ R3 —3P] = Tj(Py) =(11-4)(jPy) =115(Fy) — 4j(Py)

According to the corollary 1 we have:

[Ri + Ry + Rs — 3Px] = 11j(Py) — 4j(Py) = —4j(Py) = [-4Py + 4Px]

Hence

[Ri + R2 + Ry +4Py— TP, =0

There exists a rational function f such that

div(f) =Ry + Re+ Rs + 4Py — TPy,s0f € L(7Py) and as L(7Py) = L(6Px)
So one of R; should be equal to P., which is absurd.

9" case m = 8
The formula (¢) becomes

[Ri + Ry + R3 — 3Py] = 8j(F)

According to the corollary 1 we have:

[Ry + Ry + Ry — 3Px] = 8j(Py) = —8j(P1) = [-8P; + 8P4]

Hence

172



173 Mouhamadou Diaby Gassama and Oumar Sall: Algebraic Points of Degree at Most 3 on the
Affine Equation Curve y'' = z*(z — 1)*

[Rl + Ry + R3 + 8P1—11P00] =0

There exists a rational function f such that

dl’U(f) =R, + Ry + R3 + 8P 711POO,SOf S ,C(llpoo)

According to the lemma 2, we have:

3 22 (x — 1)2 z(x—1 3z —1)3
f = a+b 4 +c ( = ) +d( 5 )—i-ey—i-el%—i-@x
z(z —1) y Y y

We have ordp, f = 8, wemusthavea + e; =0and b=c=d=e=-¢e; =0;s0 f = ez(xz — 1) and therefore one of
R; should be equal to P; which is absurd.
10 casem = 9
The formula (¢) becomes
[B1+ Ro+ Ry —3Px] = 9j(Po) = (11 —2)(j ) = 115(FPo) — 25(Fo)
According to the corollary 1 we have:

[Ri + Ry + Rz — 3Px] =11j(R) — 2j(FPo) = —2j(Fo) = —2[P — Poc] = [-2F) + 2Px]

Hence

[Ri + R2 + Rs +2P, —5Px]=0

There exists a rational function f such that

div(f) =Ry + Re + Rs +2Py —5P,s0f € L(5Py)

3 200 — 1)2

According to the lemma 2, we have f = a + b y + cm (@ )

z(x — 1) y°
2% (x — 1)2 . .
We have ordp, f = 2hencea =b = 0so f = c——=—— we have ¢ # 0 otherwise ordp, f # 2 ce qui est
Y
. I2 (x - 1)2 2 2 . .
absurde. At points R;, we have 0 = ¢————=—— hence x (x — 1)* =0eitherx = 0 orz = 1 we find the points P,
Yy

and P; which is absurd.
11" case m = 10

The formula (¢) becomes

[R1+ Re 4+ Ry — 3P] = 10j(Fo) = (11 = 1)jj(FH) = 115(Fo) — j(Fo)

According to the corollary 1 we have:

[Ri + Ry + Rz — 3P| =11j(Fy) — j(Po) = —j(FPo) = [~ Po + Px]

Hence

[Rl + Ry + R3 +P0*4Poo]:0

There exists a rational function f such that
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d’L’U(f) = Ry + Ry + R3 + Py — 4P,sof € ‘C(4Poo)

And therefore

3 2 2
Yy zé(z — 1)
= b
f=a+t z(z — 1) te Yo
3 2 2
y ez = 1)
ordp, f= 1= a=0;s0f= bx(x—l) +c 7
b # 0 otherwise ordp, f # 1; which is absurd.
¢ # Osinon f € L(3P); which is absurd.
At points R;, we have
3 200 _ 1)2
0 pY L (x — 1)
x(x — 1) yP
3 200 132
Y L (z—1) —0
x(x—1) Yo
8 _ _C 3. _1\3
Sy =g (x—1)
c 3
_(_¢ 13
—y=(-;@-1))
On the other hand, we have:
yll _ 1?4(212 _ 1)4
%
= (—7(:5(;3 - 1)3) — 2tz — 1)
e\ s 33 4 4
_Z —1))F = _
= ( b) (@(z — 1)¥ =2tz —1)
e\ s 32 1 4 4
= (-3)" @e-¥ @@-1) =a'@-1)
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—=a-1)=(-)

bll

C

= - )=—()H

We thus find a family of points:

S1 =

4. Conclusion

Our note focuses on the determination of algebraic points
on the curve C4 4(11) of affine equation y'! = z%(z — 1)
The curve C4 4(11) is a special case of the quotients of Fermat
curves. In this note an has explicitly determined the algebraic
points of degree at most 3 on the curve C4 4(11) on Q. To do
this we determined the quadratic points and the cubic points
on C4)4(11) on Q

It seems possible to determine explicitly the algebraic points
of any given degree on the curve C4 4(11).
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