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Abstract: The primary goal is to characterize Locally H-closed spaces (LHC), by conditions on the remainders of their
extensions. These spaces are also characterized using subspaces and their extensions as well. Characterizing these classes of
spaces using the remainders of the subspaces in their extensions provide characterizations of them in terms of their boundaries.
Recently, the authors have proved that these results give necessary and sufficient conditions for the space to be compact A number
of equivalences are proved for Hausdorff (Urysohn) [regular] spaces. These results lead to similar characterizations of Locally
Urysohn-closed (LUC) as well as Locally regular-closed (LRC) spaces. Some of these equivalent properties generalize a number
of existing results on these topics. In the present article it is shown that if X is a Hausdorff LHC space then each closed set is an
intersection of regularly open sets as well as each closed set is an intersection of semi-closed neighborhoods. In 1969 Porter and
Thomas had shown that in a Hausdorff space a locally H-closed subspace is the intersection of an open set and a closed set. In

this article, it is shown that a space X is LHC if and only if every nonempty proper regularly closed subset of X is LHC.

KeyWOI'dS: H-closed Extensions, Locally H-closed, f-closure, u-closure, s-closure, 8-rigid

1. Introduction

A Hausdorff topological space is defined to be H-closed
if it is a closed subset of any Hausdorff space in which it is
embedded, and is locally H-closed (LHC) if each of its points
has an H-closed neighborhood. In 1991, several properties of
LHC spaces are established [7]. It includes the following:

Theorem 1.1 A Hausdorff space X is LHC if and only if
the remainder kX \ X is a 6-closed subset of every (some) H-
closed space in which it is embedded, where x X is the Katétov
extension of X.

In this section background and relevance of the study of
LHC spaces in relation to the previous results of such spaces
are given. It is not exhaustive, but those results relevant to the
study here are selected.

A subset B of a Hausdorff space is quasi Hausdorff closed
(QHC) (quasi Urysohn closed ((QUC))) [quasi regular closed
(QRO) if each filter base 2 on B satisfies B N adhyQ(B N
adh,)[B N adhsQ] # 0. (Definitions of the different
adherence of a filter base indicated here are given later in this
section.) It is shown that the following four statements are
aquivalent for a Hausdorff (Urysohn) [regular] space.

1. X is LHC (LUC)[LRC];

2. kX \ X is QHC (QUC) [QRC] in kX ;

3. cp(kX N X)(cly(kX N X)els(kX N X)) =
U ot} (clu{a})lele{)];

4. kX ~ X is O-closed (u-closed) [s-closed],

Where clgA(cl,A)[clsA] is the O-closure (u-closure) [s-
closure] of a subset A of a topological space. Some of the
results in this article generize some earlier results by Espelie,
Joseph and Kwack [3, 4, 11, 12]. In an H-closed space,
adhy$2 is shown to be QHC relative to X for any filterbase
Q. In an Urysohn closed space, adh, () is shown to be QUC
(quasi Urysohn closed) relative to X for any filterbase 2. This
last result is a solution to a generalization of a problem left
open in 1981 [4]. Other genralizations include the following:
If Q,T are filterbases and adhgQ) N adhel' = 0, there are
VeUg X FEW € Up X F, such that VN W = 0. If
adheQY N adh, I’ = 0, thereare V € Jo, > F,W € Uy AF,
with V. N W = (. If adh,Q N adh,I' = {, there are
Ve UgAF,W € [JpAF, such that VN W = . If X
is H(i)(U(4)) then adhyQ2(adh,?) is QHC (QUC) relative
to X, (where > F' represents the open sets about F and
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AF represents the collection of open sets containing a closed
neighborhood of F'). The concepts of locally regularly-closed
(LRC) and locally H-set (LHS) are introduced and shown to be
equivalent to LHC, in a Hausdorff space.

Concepts mentined above, including the concepts of 6-
closure, u-closure, s-closure of a set and a #-rigid subset etc.
all are defined later in this section.

The following result was established by Espelie and Joseph
[3].

Theorem 1.2 [3] If A C X is f-rigid, then clpA =
U clo{x}.

The proof of the next theorem is easy and is omitted.

Theorem 1.3 For z,y in a space X,z € clp{y} if y €
co{z}(z € c {y} ify € clu{z})[zx € cls{y} if y € cls{z}].

An improvement of this result as well as additional results
for (QUC) [QRC] subsets is the following.

Theorem 1.4 1f A C X is QHC (QUC) [QRC], then clp A =
Uas clo{a}(cluA = U,y clu{e})[elA = U, cl{a)].

Proof Let A be QHC (QUC) [QRC], z € clpA(x €
clyA)[x € clsA]. Suppose there is no y € A such that
x € co{yt(z € cu{y})[z € c{y}]. Then A is not
QHC (QUC) [QRC]. Hence clpA = |J,clo{z}(cluA =
Un clufa}lelsA = U, el f}].

The following Theorem was established in 1981 [12].

Theorem 1.5 The following statements are equivalent for a
Hausdorff space X.

1. The space X is LHC;

2. kX ~ X is a 6-closed subset of kX ;

3. kX ~\ X is a f-rigid subset of kX .

In this paper, the above Theorem is extended to the
following. Note that if X is Urysohn (regular), then (xX \ X)
is Urysohn (regular), being a descrete set.

Theorem 1.6 The following statements are equivalent for a
Hausdorff (Urysohn) [regular]space X.

1. The space X is LHC;

2. (kX N X)(uX \ X)is a O-closed (u-closed) [s-closed]
subset of kX (uX), for every H-closed extension X
of X;

3. kX N X(pX \ X) is a QHC (QUC) [QRC] subset of
kX (pX), for every H-closed extension pX of X;

4. The equation clp (KX~ X) = U, x_x clo{z}(clu (kX
X) = UpoxculoDld(sx X)) =
UHX\X Cls{l‘})] holds.

Following are the definitions of some of the concepts which
are used in this article. Most of the definitions which are stated
here, involving extensions of spaces, can be found in [21]. A
space Y is called an extension of X if X is a dense subspace
of Y. A subset A of a space X is regularly closed if it is
the closure of an open set or equivalently, A = cl(intA),
where intA is the interior of A and clA is the closure of
A.The concept of f-closure of a set was introduced by Velicko
[22]. In the study of H-closed spaces, this concept helps
to replace open filter base with arbitrary filter base as can
be seen easily. If A C X, the O-closure of A, denoted as
cgA = {z : AncdV # 0,YV € X{x}}, where X{z}
represents the set of all open sets containing x. A set A is
O-closed if A = clgA. It should be noted that -closure of

a set need not be O-closed. If € is a filter base, 8- adherence
of Q, adheQ) = NpeqcloF. Aset A C X is said to be 0-
rigid, if each filter base €2 on X satisfying the property that
FnelV # 0, forall F € Qand V € X(A) also satisfies that
adhgQ N A # 0 [2]. It is shown that clg(A) = |, clg{x} for
any #-rigid A C X and thus a #-rigid set A is f-closed in any
Hausdoff space since such spaces satisfy clp{z} = {z} [3]

The concept of u-closure of set was used by Joseph to
study, among others, compact spaces as well as Urysohn-
closed spaces [10]. Let A C X. The u-closure of A,
denoted as cl, (A),={z : VN A # 0,V € A(x)}, where
A(x) represents the collection of open sets containing a closed
neighborhood of x. A space is Urysohn if ¢l (z) = {z}. Also
it is shown that = € ¢l,,(A) if and only if ¢l,,(V) N A # () for
every V' € > (z) [4]. The concepts of u-adherence of a filter
base (2 and a u-rigid subset are defined similar to the concepts
of - adherence of a filter base and of a #-rigid subset. The
u-adherence of a filter base €2, adh,Q = (\pcq clu(F). A
set A C X is said to be u-rigid if each filter base 2 on X
satisfying the property that ' N clV # ) for all F' € Q and
V € A(A), satisfies that A N adh,Q # 0 [4].

Herrington called a family of open sets, G, a shrinkable
family of open sets about a point x € X if for each U € G,
thereisa V' € Gsuchthatx € U C ¢lU C V [8]. A point x is
in the s-closure of A C X, denoted as = € cl,(A), if and only
if VN A (V)N A) # 0 forevery V e G(z)(V € > (z)),
where G(x) is a shrinkable family of open sets around z.
Herrington defined a point € X to be in the s-adherence of
a filterbase F, denoted as z € adh,F, if for each shrinkable
family G of open sets about z and F' € F, thereisa V' € G
such that ' NV # (0 [8]. That is, adh,Q = (g, cls(F)[8].
It was then proved that a regular space is regular-closed if and
only if each filterbase on the space has non-empty s-adherence.

Dickman and Porter showed that a 6-rigid subset of any
space is Quasi-H-closed relative to the space and that a 6-rigid
subset of a Hausdorff space is 0-closed, where a set A C X
is Quasi H-closed (QHC) relative to X if each filter base {2
on X satisfies A N adhyQ # 0 [1]. If X, not necessarily
Hausdorff, is QHC relative to X, X is an H (i) space [19]. A
Hausdorff H (i) space is an H-closed space and a QHC relative
to X subset is called an H-set, if X is Hausdorff [23]. Joseph
showed that if X is an H (i) space and A C X, clpA is QHC
relative to X [11]. Note that a QHC relative to X set need
not be H-closed as a subspace. Porter and Tikoo pointed out
that #-closed subset of an H-closed space need not be H-closed
[20]. However, Joseph proved that 6-closed subset of an H (7)-
space is 6-rigid [12]. Consequently, the following Theorem
was immediate.

Theorem 1.7 In an H-closed space, a subset is #-closed if
and only if it is f-rigid.

Espelie et al established several comparative properties of
clgA and cl,, A, for a subset A of a QHC space X [4]. It was
shown that (1) if Xis QHC and if A C X (1 a filter base on
X), then cl,, (A)(ad,?) is QHC relative to X; (2) If A is QHC
relative to a space X, then clpA C Uacly(z); (3) Every 6-
rigid subset of a space is u-rigid, but a u-rigid subset need
not be 0-rigid; (4) If A is a u-rigid subset of a space, then
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cly(A) = Uacl,(z) and hence (5) if A is a 0-rigid subset of a
space, then cl, (A) = Uacly ().

As is clear from the discussion above, 6 -closure of a set and
f-closed subsets of a space play significant roles in the study of
H-closed spaces as well as in the study of LHC spaces. In view
of the above stated Theorems, it is also clear that u-closure of
a set and wu-rigid subsets of a space could be effectively used to
obtain new properties of LHC spaces.

As is stated in Theorem 1.7, in an H-closed space, a set is
f-closed if and only if it is #-rigid. This observation paved the
way for several new characterizations of H-closed spaces and
LHC-spaces in terms of H-closed extensions. Theorem 1.5
is a consequence of the above Theorem and appeared in the
same paper [12]. The main tools used in this study of LHC-
spaces are H-closed extensions and the remainders of a space
in H-closed extensions. We also use H-closed extensions of a
subspace and the remainders to provide new characterizations
of LHC spaces. Throughout this article, a space is considered
to be Hausdorff. Also, in the sequel, uX represents any H-
closed extension of X. Proofs of all results stated in sections 1
and 2 are given in subsequent sections as sections 1 and 2 are
introductory sections.

2. H-closed Extensions

Let X be a Hausdorff space and let X*= X U{U/ : Uisa
free open ultrafilter on X }, where an open ultrafilter is called
free if it does not converge. For each open set V' C X, let
OWV)=VU{Ud e X*X:V eU}. Then,

(i) {O(V) : V open in X} is an open base for a topology
on X*. X* with this topology is an H-closed extension of X.
This extension is called the Fomin extension o X [5].

(i) X* with the topology generated by the open base {V : V
isopenin X} UW{VU{U} : V e U, U € X*\ X} isan
H-closed extension of X, called the Katétov extension and is
denoted by kX [14].

(iil) Let X = {U : U is an open ultrafilter on X }. For each
open V C X, leto(V) = {U € X : V € U}. The family
{o(V) : V openin X } is a base for a topology on X, which
is extremally disconnected, compact and Hausdorff [9].

It is to be noted that while the topologies in (i) and (ii) give
extensions of a space, the topology generated by the base in
(iii) provides an extremally disconnected and compact space
associated with a given space X.

Obreanu introduced the concept of Locally H-closed spaces
[16]. He studied one point H-closed extensions of such
spaces. He proved that LHC spaces have one point H-closed
extensions and that the set of one point H-closed extensions
admits projective maximum and projective minimum. Also,
he proved that the product of a non-void family of Hausdorff
spaces is LHC if and only if all but finitely many members of
the factor spaces are H-closed and each factor space is LHC.
In 1991, Mike Girou studied LHC spaces, by investigating
the remainders of H-closed extensions [7]. This was in line
with the investigation done by Tikoo [22]. Tikoo studied
remainders of H-closed extensions. He, noting that locally

compact spaces always have compactifications with compact
remainders, asked if LHC spaces were characterized by having
H-closed extensions with H-closed remainders. Girou stated
that the answer to this question was negative and proved that
a space X is LHC if and only if any H-closed extension of
X has a 0-closed remainder. However, note that this Theorem
was an immediate consequence of Theorem 1.7 above as is
stated in Theorems 1.5 and 1.6. Girou, also while investigating
those H-closed spaces in which every H-closed sets are 6-
closed, showed that such spaces are H-closed spaces which
are Urysohn [7].

It is to be noted that many of the Theorems of Girou come
as consequences of the observation by Joseph [12]. This fact is
evident from Theorem 1.7. Also many new Theorems follow
from the observation that the family of #-closed subsets of an
H-closed space coincides with the family of #-rigid subsets.

In this article, several properties of H-closed spaces are
extended to LHC-spaces. Also among other Theorems the
following characterization of a LHC-space is established in
terms of its subspaces:

Theorem 2.1 A space X is LHC if and only if every non-
empty proper regularly closed subset of X is LHC.

Utilizing the function 7 : 6X — ¢ X such that 7(U) = U
for each free open ultrafilter &/ on X and 7(U/) = z, where
x is the unique convergent point of the fixed ultrafilter ¢/, the
following characterization for a non-dense open subset of a
LHC space to be LHC is given:

Theorem 2.2 Let X be LHC and B C X be open and not
dense in X. Then B is LHC if and only if 7= 1(X \ B) is
compact.

We also characterize LHC space X in terms of H-closed
extensions of a subset B of X in the following Theorem.

Theorem 2.3 Let B C X. Then the following statements are
equivalent for a Hausdorf{f space X.

1. The space X is LHC;

2. uB ~\ B is a 0-closed subset of uB for every H-closed

extension uB of B;
3. uB ~\ B is a 0-rigid subset of uB for every H-closed
extension uB of B;

4. kB \ B is a 0-rigid subset of kB;

5. kB \ B is a 0-closed subset of kB.

Characterizing LHC spaces in terms of u — closre and 6-
closure operators on the remainders of a Hausdorff space in an
H-closed extension, we give the following Theorems:

Theorem 2.4 The following are equivalent for a Hausdorff
space X :

1. X is LHC;
2. cdg(kX ~ X)(respectively, clg(pX ~ X) =
Usxx clo(z)( respsectively, | ,x _x clo(2));

3. kX \ X(respectively, uX \ X) is u-rigid;

4. kX ~ X)(respectively, pX ~ X) is an H-set in

kX (respectively, uX).

Theorem 2.5 . The following are equivalent for a Urysohn
space X:

1. Xisis LHC,

2. cdy(kX ~ X)(respectively, cl,(pX ~ X)) =

Usxx clu(@)(respectively, |, x _x clu(z))..
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3. LHC-Spaces Through Subspaces and
H-Closed Extensions

As stated in the Introduction, Theorem 1.5 can be extended
to any H-closed extension ;X of X as stated in Theorem 1.6.
For the sake of completeness a direct proof of Theorem 1.6 is
given in this section and is stated here as Theorem 3.1.

Theorem 3.1 . The following statements are equivalent for a
Hausdorff space X.

1. The space X is LHC;

2. uX ~ X is a QHC subset of uX for every H-closed
extension uX of X;

3. uX \ X is a 0-closed subset of uX for every H-closed
extension uX of X;

4. pX ~ X is a 0-rigid subset of uX for every H-closed
extension uX of X;

5. kX ~ X is a 0-rigid subset of kX ;

6. kX \ X is a 0-closed subset of kX.

Proof (1) = (3). Choose z € X and V' € X x(x) such that
clx (V) is an H-closed subset of X . However, cl,x (V)NX =
clx (V) and hence it follows that cl,,x (V') N X is an H-closed
subset of X and hence is closed in X, cl, x (V)N X isa pX-
closed neighborhood of z, and (uX ~ X)Ncl,x (V)NX = 0.
Hence (uX \ X) is f-closed in uX.

(3) = (2). Any filterbase Q2 in (uX \ X)) gives a filterbase
in ©X and hance has non-empty adherence. Since (uX ~\ X)
is f-closed in pX,  has non-empty adherence in (X \ X).

(2) = (3). Follows from [11].

(3) = (4). Obvious.

(4) = (5); (5) = (6). These follow from [12].

(6) = (1). Suppose kX ~ X is a f-closed subset of
kX and let x € X. Choose an open subset V' € X(x) of
x € X such that cl,x (V) N (kX \ X) = 0. It follows that
clyx (V) C X and hence cl,,x (V) is H - closed in X since
clex (V) =cly (V)

It is not difficult to see that “every” can be replaced with
”some” in statements (2) and (3) since in that case, the proof
of (3) = (1) will follow in the same line as in the proof of
(6) = (1) with kX replaced with some H-closed extension
nX.

The following theorem can be proved using similar line of
argument, using the facts that X is Urysohn (regular) if and
only if kX is Urysohn (regular); x € cl,(A) if and only if
cy(V)NA#Qforevery V € > (), z € cls(A), if and only
ifclg(V)N A # Q forevery V € > (x) and u-closure as well
as s-closure of a set is closed. A space X is LUC (LRC) if each
point has a Urysohn-closed (regular-closed) neighborhood.

Theorem 3.2 . The following statements are equivalent for a
Hausdorff (Urysohn) [regular]space X.

1. The space X is LHC (LUC) [LRC];

2. kX N\ X isa QHC (QUC) [QRC] subset of kX,

3. kX ~\ X is a 0-closed (u-closed) [s-closed] subset of
KkX.

Proof Clear from the above stated facts and with similar
arguments as in the proof of Theorem 3.1.

Theorem 3.3 . A Hausdorff space X is LHC if and only if

clo(pX N~ X) = U, xx clo(x).

Proof Since the spaces are Hausdorff clp(uX ~ X) =
U,.xx clo(z) = pX ~ X because clp{z} = {z}. Thus the
space is LHC because pX \ X is € closed. On the other hand,
if X is LHC, then pX ~ X is 6-rigid so

co(X N X) Cely(uX N X) = ] co{a} =pX X,
pnXNX

since the spaces are Hausdorff, for each H-closed extension
uX.

Theorem 3.4 . If uX is a Urysohn [regular] space,
X is LHC if and if and only if cl,(pX ~ X) =
UMX\X Clu('r)[CZS(/’[’X ~ X) = UMX\X CZS(x)]

Proof The proof is similar to the proof of Theorem 3.3, since
in a Urysohn (regular) space, {z} = cl, {z}({z} = cls{z}).

Theorem 3.5 . A space is LHC if and only if kX ~
X(respectively, uX ~ X) is an H-set.

Proof. If X is LHC, kX ~ X (respectively, uX ~\ X) is
closed in kX (respectively, 4 X) and thus is an H-set in kX
(respectively, uX).

Conversely, suppose that kX ~ X (respectively, uX ~\ X)
is an H-set in kX (respectively, X). Let € be a filter base
in kX (respectively, uX). Then adhgQ N (kX ~ X) # 0
(respectively, adhgQ N (uX ~\ X) # 0). Therefore each filter
base Q which satisfies the property that F' N cl(W) # @ for all
FeQand W € (kX \X) (respectively, W € L(uX X))
also implies that (vX ~ X) N adhyQ) # ( (respectively,
pX~\X)NadhyQ # (). Hence k X \ X (respectively, X~ X)
is f-rigid and hence is - closed in kX ~ X (respectively,
uX N\ X). Therefore, X is LHC.

The proof of the above theorem shows that if A C X is an
H-set, then A is 0 -rigid and hence the following theorem is
immediate.

Theorem 3.6. A Hausdorff space is LHC if and only if
kX (respectively, uX )has an H-set in kX (respectively, 1 X).
Proof. Clearly kX ~ X (respectively, uX ~ X) is a 0
closed subset of kX (respectively, 4X) and is an H set of
kX (respectively, uX). Moreover, kX ~ X (respectively,
1X ~ X) is an H-set and hence is 8- rigid in kX (respectively,
1X). THus X is LHC.

Our next proposition uses Theorem 3.1 to give another proof
for Proposition 3.2 of [7].

Corollary 3.1 ([7], Proposition 3.2). Let X be an H-
closed space and B an open subset. Then the following are
equivalent:

1. Bis LHC.

2. X \ B s a0-closed subset of X ;

3. BdB is a 0-closed subset of clx B, where bdB is the

boundary of the set B.

Proof These conclusions are consequences of the facts that
an H-closed subset of B is closed in X and clx B is an H-
closed extension of B.

The next corollary is a new Theorem which is another
consequence of the Theorem 3.1.

Corollary 3.2. Let X be an H-closed space and B an open
subset. Then the following are equivalent:
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1. Bis LHC.

2. X \ B is a 0-rigid subset of X.

3. BdB is a 0-rigid subset of clx B.

The corollaries 3.1 and 3.2 above can be stated in terms
extensions of subspaces, as is shown in the following Theorem.

Theorem 3.7. Let X be H-closed. The following are
equivalent for each open A C X:

1. The subset A is LHC.

2. The subset clx(A) N~ A = bdx (A) is a O-closed subset

of clx (A).
3. The subset clx (A) N A = bdx (A) is a 0-rigid subset of
ClX (A)

Proof (1) = (2). Since A is an open subset of X clx(A)
is a regular closed subset of X and hence is an H — closed
extension of A. Therefore, in view of Theorem 3.1 (3),
clx (A) \ Ais a6-closed subset of clx (A).

(2) = (3). Follows from Theorem 3.1 (4)

(3) = (1) This follows from the equivalence of (3) and (1)
in Theorem 3.1.

Theorem 3.8 below improves on Proposition 3.9 of [7]. It is
stated here as Corollary 3.3.

Theorem 3.8. If X is LHC and V is open and not dense in
X, then clx (V') is H-closed.

Proof Clearly cl,.x (V) N X = clx(V). It follows that
clx (V) is H-closed in X, since clxV is closed in H-closed
extension kX of X.

Corollary 3.3 comes immediately from the above.

Corollary 3.3 [7]. A regularly-closed subset of a LHC space
is LHC.

The Theorem 3.9 below improves on Theorem 4.15 in [11].
That result is stated here as Corollary 3.4.

Theorem 3.9 . If X is LHC and A C X satisfies cl§X (A) C
X, then clg( (A)is an H-set.

Proof It is straightforward to show that clf~ (A) =cl (A),
as in the proof of Theorem 3.1. Then cl§*(A) is an H-set,
Theorem 4.15 of [11].

It should be noted that in the Theorem 3.8 and in Theorem
3.9, kX can be replaced by any H-closed extension pX of
X, since for any H-closed extension uX of X, and an open
V c X, cdyx(V)NX = cx(V). Sine X is LHC, it
follows that cl,x (V) N (X — X) = 0 and consequently,
clyx (V) = clx (V). Hence clx (V') is H-closed in X.

Corollary 3.4 [11]. If X is a QHC space and K C X, then
clo(K) is QHC relative to X.

Corollary 3.5 The 0—closure of any subset of an H-closed
space is an H-set.

Theorem 3.9 is extended to the following characterization
of LHC spaces.

Theorem 3.10 A space X is LHC if and only if for every
A C X, clgX (A) (respectively, cli* (A)) is an H-set in kX (in
uX, when the closures are taken in ;1 X).

Proof Clearly, since kX, as well as (uX), is H-closed,
clg(A) (respectively, cl,,(A)) is an H-set for any A C X
([4],[11]). On the other hand, for the converse, since the
assumption is true for forany A C X, let A = X. If cl§* (X)
(as well as cl%% (X)) is an H-set in kX, then for any z € X
there exists V' € > (x) such that clx (V)N (kX N X) = 0. So

kX ~\ X is f-closed in kX and hence X is LHC. Replacing
kX with u X, we can prove the result in the case of extension
uX.

The Corollary 3.3 can be extended to the following to give
a characterization of LHC-spaces.

Theorem 3.11 . A space X is LHC if and only if every non-
empty proper regularly closed subset of X is LHC.

Proof If X is LHC, then every regularly closed subset is
LHC. In particular every proper regularly closed subset is
LHC.

Conversely, assume that every non-empty proper regularly
closed subset of X is LHC. Let B C X be a non-empty
regularly closed subset of X. Note that X = BU (X \ B) =
B U clx(X ~ B). Since B is a non-empty regularly closed
subset and intx BN (X ~\ B) = 0, X \ B isnot dense in X.

Therefore, both B and clx (X ~ B) are proper non-empty
regularly closed subsets of X and hence are LHC subsets.
Thus X is a union of two LHC sets and hence is LHC.

Theorem 3.12 improves on Theorem 1 in [3]. It is stated
here as Corollary 3.6.

Theorem 3.12 . If X is LHC and A, B C X satisfy the
conditions cli (A) N clX (B) = 0, clX (A) U clX(B) # X,
there are sets V € ¥ x(A), W € X x(B) satisfying VNW =
0.

Proof Neither ¢l (A) = X nor cljf (A) = X holds, so a
combination of Theorem 3.10 and Theorem 1 in [3] leads to
the desired conclusion since clijX (A) =cl (A).

Corollary 3.6. [3] Subsets of an H-closed space with
disjoint 0—closures are separated by disjoint open sets.

Using Theorem 3.8, the proof of the following theorem
follows from Theorem 3.1 and is different from the proof of
Theorem 3.8 of [7]. Moreover, the following Theorem extends
Theorem 3.8 of [7].

Theorem 3.13. Let X be LHC and let B C X be open not
dense in X. Then the following are equivalent:

Bis LHC.

X N\ Bis0 -closed in X.

clxB ~ Bis 0 -closed in clx B.

clx B\ B is 6-rigid in clx B.

X ~\ B is 0-closed in any H-closed extension pX of X.
. X \ B is 0 -rigid in any H-closed extension pX of X.

Proof (1) = (2). Let x € B. There is an H-closed
neighborhood V' of x in B and hence V is a closed, in X,
neighborhood of z in X, in view of Theorem 3.8. Also
V N (X \ B) = 0. Therefore X \ B is 6 -closed in X.

(2) = (3). Follows from Lemma 3.1 of [7]

(3) = (1). In view of Corollary 3.3, the (1) follows from
the fact that ¢l x B is an H-closed extension of B.

Equivalence of (3) and (4) follows from Theorem 3.1.

Equivalence of (2) and (5) follows from cl)) X (X\B)NX =
X (X N B)= (X \B).

Equivalence of (5) and (6) follows from Theorem 3.1.

It is pointed out that the line of proof of (1) = (2) is similar
to that of the proof of the Proposition 3.2 of [7]. However, here
the space X is LHC, not necessarily H-closed.

The following is established: Let X be a Hausdorff space
and let A C X. Then A is 0-rigid in X if and only if A is

QUR W~
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0-rigid in kX if and only if A is 0-rigid in 0 X if and only if A
is 0-rigid in some H-closed extension of X. [12].

Let X be the compact and extremally disconnected space
associated with X and let 7 : X — oX be defined by
7 (U) = U for each free open ultrafilter If on X and 7(U) = z,
where x is the unique convergent point of the fixed ultrafilter /.
Dickman and Porter proved that if X is a Hausdor{f space and
A C X, then m=1(A) is compact if and only if A is O-closed in
kX [1]. Thus, considering the fact that in an H-closed space,
a set is A-closed, if and only if it is 6-rigid, if X is a Hausdorff
space and A C X, then m—1(A) is compact if and only if
A is 0-rigid in kX .(Theorem 8, [12]). In view of the above
Theorems, the following is a Corollary to Theorem 3.13:

Corollary 3.7. Let X be LHC and B C X be open and not
dense in X. Then B is LHC if and only if =1 (X \ B) is
compact.

Proof Proof is immediate in view of the above discussion
and the fact that clj* (X \ B) = clf (X ~ B) = X \ B.

Girou gave a characterization for an H-closed space to be
compact using the concept of a rim 6-closed space [7]. A
space X is rim O-closed if it has a basis of open sets whose
boundaries are f-closed subsets of their closures [7]. We define
a rim #-rigid space and a rim wu-rigid space as follows:

A space X is rim 0-rigid if it has a basis of open sets whose
boundaries are 6-rigid subsets of its closures. A rim wu-rigid
space is defined similarly. A space X is rim u-rigid if it has a
basis of open sets whose boundaries are u-rigid subsets of their
closures. A 6-rigid subset of a space is u-rigid (Theorem 4 [4]).
Hence a rim 6-rigid space is rim u-rigid and the converse is not
necessarily true since there exist u-rigid subsets which are not
f-rigid [4]. Girou proved the following:

An H-closed space X is compact if and only if it is rim -
closed if and only if every open subset is LHC if and only if it
has an open base of LHC sets. ([7] Theorem 3.3)

In view of the above facts, the following Results follow from
Theorem 3.13.

Corollary 3.8. Let X be LHC and B C X be open and not
dense in X. If B is LHC, then the following are true:

1. X \ B isu-rigid in any H-closed extension X of X.

2. cx B~ Bisu-rigid in clx B.

Proof Follows from the fact that a #-rigid subset is u-rigid
and Theorem 3.13 (4) and (6).

Following is an extension of Theorem 3.3 [7]:

Theorem 3.14. Let X be an LHC space. The following are
equivalent for X :

1. The space X is compact.

2. The space X is rim 0—closed.

3. The space X is rim 0-rigid.

Proof Follows from the fact that in an H-closed space family
of A-closed sets coincides with the family of 6-rigid sets.

Now the following Theorem is immediate.

Theorem 3.15. A compact Hausdorff space is rim u-rigid.

The next two Theorems show that the remainder of an LHC
space in an H-closed extension as well as the boundary of a
non-dense open subset of an LHC space can be written as the
union of the u-closures of its singletons.

Theorem 3.16 If X is LHC, then

cly(pX N X) = U cly(z)
XX

for each H-closed extension X of X.
Proof Since pX ~ X is O-closed, pX ~ X is f-rigid and
hence it is u-rigid. Therefore

cy(pX N X) = U cly ()
XX

follows from Theorem 5 of [4].
Theorem 3.17. Let X be an LHC space and let A be open,
not dense in X and LHC. Then

cu(cx(A)~A) = |J

clx (A)NA

cly(z),and

(X NA) = U cly(x).
X~NA

Proof Follows from Theorem 3.16 and Theorem 5 of [4].

Theorem 3.18. If X is Urysohn, the following statements
are equivalent:

1. The space X is LHC;

2. kX \ X is u-rigid;

3. kX ~ X is u-closed.

Proof (1)=(2) If X is LHC, kX ~ X is f-rigid and thus
u-rigid [4].

2)=3) If kX ~ X is u-rigid it is thus u-closed because
cly(kX N X) =, xx clu{z}.

(3)=-(1)There exists V' € A(x), where A(x) represents the
collection of open sets containing a closed neighborhood of z.
Also, VN (kX ~\ X) = (. There exists W € > (x),cdlW C V.
Consequently, kX \ X is f-closed and hence, X is LHC.

Girou proved that if a space X is LHC and B C X, then
B is LHC, if and only if (1) clx B — B is a f-closed subset of
clx B, and (2) the set of nowhere dense points of B is LHC [7].
In the following theorem, it is shown that the two conditions
for B to be LHC can be replaced by the condition that cly B— B
is O-closed in cly B.

Theorem 3.19. Let X be LHC and B C X. Then B is LHC
if and only if cly B — B is -closed in cly B.

Proof Suppose that X is LHC and B C X is LHC. Let
b € B. Since B is LHC, there exists an H-closed neighborhood
V of bin B. Consider a cly B-open set U containing b. Then
U NV is an open subset of B containing b and cl, 5(U N
VINB=clg(UNV). Alsoclg(UNV)N(clgB — B) = 0.
Therefore, cly B — B is 6-closed in clg B.

Suppose that clgB — B is f-closed in clyB. Let b € B.
Since X is LHC, b € X, there is an open set G containing
b and clx G is H-closed. Also there exists a cly B -open set U
such that cl.;, sgUN(clg B—B) = (). Without loss of generality,
we assume that U = G NclpB. Now, cl, U = clxGNclpB
and cl.,pU C B, since clo,pU N (clgB — B) = 0. Since
clpB is closed and clx G is a regularly closed subset of X,
cle, U is an H-closed neighborhood of b. Hence B is LHC.
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We define a locally H-set as follows. A Hausdorff space
X is locally H-set (LHS) if each point in X has an H-set
neighborhood.

Theorem 3.20. A Hausdorff space X is LHC if and only if
it is LHS.

Proof Tt will be shown that X is LHS iff kX ~\ X is 6-
closed in kX. For the proof of the necessity, Choose z € X
and choose an H-set neighborhood C' of x in X. Then C is
an H-set in kX, and is therefore closed in xX. Moreover,
CN (kX N X)=0;s0 kX \ X is 6-closed in xX. For the
proof of the sufficiency, choose anz € X anda W € X x(x)
such that cl,, x (W) C X. It follows that cl, x (W) is H- closed
in X and cl,,x (W) = clx (W).

A Hausdorff space is called locally regularly-closed (LRC)
if each point and an open set containing the point contains a
regularly closed neighborhood of the point.

Theorem 3.21. A Hausdorff space X is LHC if and only if
itis LRC.

Proof If H is an H-closed neighborhood of =,
clx(int(H)) C H is a regularly closed neighborhood of z.
On the other hand, assume that X is LRC. Assume that every
point in X and an open set containing the point contains a
regularly closed set containing the point. Let z ¢ kX ~\ X,
andlet V € Yx(x).

Then there is a regularly closed set B such that x € B =
cxU C clx(V), where U is an open subset of X. Then
clyx(U) N X = clx(U). So if T is an open filter base on
clyx(U) N X then I is an open filter base on ¢l x (U) and on
clx (U). Hence ) # adh(T") C X since ¢l x (U) is a regularly
closed neighborhood of z in kK X.

This shows that T is not free on X. Thus ¢l x (U) C X and
kX \ X is f-closed in kX .

Ganster defined a space to be strongly s-regular if for any
open set F' and a point x € X — F, there is a regularly closed
set G suchthatz € Gand G N F = () [6].

It is known that every locally compact Hausdorff space is
regular. The following analogous Theorem follows from the
above Theorem:

Theorem 3.22. A Hausdorff LHC space is strongly s-regular.

Proof Immediate from Theorem 3.21 and Theorem 1 of [6].

Porter and Thomas showed that in a Hausdorff space a
locally H-closed subspace is the intersection of an open set
and a closed set ([19], Theorem 3.3). In the present article
characterizations for an LHC space in terms of subsets are
provided. Most of them are either in terms of regularly closed
subsets or open subsets.

Following Corollaries of Theorem 3.22 give properties of
closed subsets of a LHC space. The proofs of the following
corollaries follow from Theorem 3.21 above and Theorem
3.1.12 of [16].

Corollary 3.9. If X is a Hausdorff LHC space then each
closed set is an intersection of regularly open sets.

Corollary 3.10. If X is a Hausdorff LHC space, then each
closed set is an intersection of semi-closed neighborhoods.

We end this section with the following characterizations of
a LHC space X in terms of H-closed extensions of a subset B
of X. Some of these results are stated in Theorem 3.13.

Theorem 3.23. Let B C X. Then the following statements
are equivalent for a Hausdorff space X.
1. The space X is LHC;
2. uB \ B is a 6-closed subset of uB for every H-closed
extension puB of B;
3. uB ~ B is a 6-rigid subset of uB for every H-closed
extension uB of B;

4. kB \ B is a 0-rigid subset of kB;

5. kB ~\ Bis a -closed subset of k.

Proof (1) = (2). Let X be LHC, B C X and z € B.
Then x € X and X is LHC. Therefore there is an open set
V € ¥x(z) such that clx (V') is and H-closed subset of X.
Now, V' N B is an open subset of B containing z and clg (V') =
cdxV N B =cp(VNB). Also, clux(V)NX = clx(V).
Similarly, ¢l,g(V N B) = clg(V N B), since clg(V N B) =
cl,5(V N B)N B. Therefore, cl,5(V N B)N (uB ~ B) = 0.
Hence B \ B is a f-closed subset of yB.

(2) = (3); (4) = (5). These follow from [12].

(3) = (4). Obvious.

(5) = (1). Suppose that kB ~ B is a 6 -closed subset
of kB and let x € X. If z € B, choose an open subset of
V € Yx(x) such that cl,g(V N B)N (kB ~ B) = (. If
x € X\ (kB B), there is an open subset V' of X containing
x such that ¢,V N (kB ~\ B) = (). However, for V C X,
clx (V) = el x (V) and hence is H-closed in X.

4. Examples

It is to be noted that any H-closed non-compact space will
be a LHC space which is not locally compact. This is so,
since every locally compact Hausdorff space is regular and a
regular H-closed space is compact. Therefore, an H-closed
space which is not compact is not locally compact. Hence,
Following are Examples of LHC spaces which are not locally
compact.

Example 4. 1 ([15] Example 3.6). Let X = {0} UN U{j +
1.4, n € N—{1}} and define V' C X to be open if V
satisfies the following properties:

()Ifj € (VNN)— {1}, then j + £ € V ultimately;

(i) If 0 € V/ then, ultimately, j + 5~ € V for all n;

(iii) If 1 € V, then, ultimately, j + 5. € V for all n.

The above example is the classical example of a countable
minimal Hausdorff space which is not compact. So, this is
an example of a minimal Hausdorff space which is not locally
compact.

Example 4. 2 Example 3.7). LetY = {0} U (N — {1}) U
{j+ 5 : j, n € N—{1}} with the subspace topology 7" from
X in Example 4.1.

For this space, 0 is the only §—cluster point of {z;, } defined
by 2, = n+ 1 but {z,} 4 0. So, this space is not minimal
Hausdorff and hence is not compact. The space is H-closed
and hence is LHC, but not locally compact.

Girou, while considering those H-closed spaces in which
every H-closed spaces are 0-closed, showed that such spaces
are Urysohn [7]. The space in Example 4.1 is an H-closed
space which is not Urysohn, since the points 0 and 1 do not
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have disjoint closed neighborhoods. Note that the space Y in
Example 4. 2 is H-closed, but not #-closed since 1 € ¢l (Y)
and 1 ¢ Y. It is also to be noted that the space in Example
4.1 is not rim #-closed or rim u-closed, since the boundaries of
the basic neighborhoods of points 0 and 1 are not #-closed or
u-closed. Since the space is H-closed, hence the space is not
rim #-rigid or rim u-rigid.

5. Conclusion

In the present article, LHC spaces are characterized using
the remainders of the space in an H-closed extension. They
are alo characterized using the subspaces and their extensions.
Similar characterizations for LUC as well as LRC spaces
are provided. Characterizing these classes of spaces using
the remainders of the subspaces in their extensions provide
characterizations of them in terms of their boundaries. As
recent articles by the auhors, which are compiled in a
monograph, ’A study of topological properties via adherence
dominators’, demonstrate that these results give necessary
and sufficient conditions for the space to be compact [13].
Moreover, many results presented here provide generalizations
of a number of existing results, which are pointed out
throughout this article. In the present article it is shown that
if X is a Hausdorff LHC space then each closed set is an
intersection of regularly open sets as well as each closed set
is an intersection of semi-closed neighborhoods. As stated
earlier, Porter and Thomas showed that in a Hausdorff space
a locally H-closed subspace is the intersection of an open set
and a closed set [19].

Any result or definition from existing literature is given
appropriate citation, as needed. However, those concepts
which have been part of the literature on General Topology are
not given reference citation, but we do not claim authorship of
such concepts.
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