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Abstract: Hypergraph is an important model for complex networks. A hypergraph can be regarded as a virtual simplicial
complex with some faces missing and it is the key hub to connect the simplicial complex in topology and graph in
combinatorics. The embedded homology groups of hypergraphs are new developments in mathematics in recent years, and the
embedded homology groups of hypergraphs can reflect the topological and geometric characteristics of complex network which
can not be reflected by the associated simplicial complex of hypergraphs. Kiinneth formulas describe the homology or
cohomology of a product space in terms of the homology or cohomology of the factors. In this paper, we prove that the infimum
chain complex of tensor products of free R-modules generated by hypergraphs is isomorphic to the tensor product of their
respective infimum chain complexes, and give an analogues of Kiinneth formula for hypergraphs by classical algebraic Kiinneth
formula based on the embedded homology groups of hypergraphs, which provides a theoretical basis for further study of
cohomology theory of hypergraphs. In fact, the Kiinneth formula here can be extended to the Kiinneth formula of embedded
homology of graded abelian groups of chain complexes, which can be used to extend the Kiinneth formula for digraphs with
coefficients in a field.
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1. Introduction union | J,, 4, 0, and we simply denote a hypergraph (V3,,H)

as H.

Let H be a hypergraph. The associated simplicial complex
K+ of H is defined as the smallest simplicial complex that H
can be embedded in [13]. Precisely, the set of all simplices of
K4 consists of all the non-empty subsets 7 C o, forall o € H.

In topology, a hypergraph can be obtained from a simplicial
complex by deleting some non-maximal simplices [2, 13].
Hypergraph is a standard mathematical network-model for
many real-world data problems. For example, the coauthorship

network of scientific researchers and their collaborations [12],
the biological cellular networks [11], and the network of
biomolecules and biomolecular interactions [14]. Hypergraph
is the key hub to connect the simplicial complex in topology
and graph in combinatorics, which is worth studying in theory
and application [1, 2, 13].

Let V3 be a totally-ordered finite set. Let 2" denote the
powerset of V. Let () denote the empty set. A hypergraph is
a pair (V3,H) where H is a subset of 2V \ {0} [1, 13]. An
element of V7, is called a vertex and an element of H is called a
hyperedge. A hyperedge o € H consisting of k + 1 vertices is
called a k-dimensional hyperedge (k > 0), denoted as ¢() or
o for short. Throughout this paper, we assume that each vertex
in V3, appears in at least one hyperedge in H. Hence V5 is the

There are various (co)homology theories of hypergraphs.
For example, A.D. Parks and S.L. Lipscomb studied the
homology of the associated simplicial complex in 1991
[13]. ER.K. Chung and R.L. Graham constructed certain
cohomology for hypergraphs in a combinatorial way in 1992
[3]. E. Emtander constructed the independence simplicial
complexes for hypergraphs and studied the homology of these
simplicial complexes [4], and J. Johnson applied the topology
of hypergraphs to study hyper-networks of complex systems
in 2009 [8]. S. Bressan, J. Li, S. Ren and J. Wu defined the
embedded homology of hypergraphs as well as the persistent
embedded homology of sequences of hypergraphs in 2019 [2].

Let R be a principal ideal domain. Let H be a
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hypergraph. Let R(H), be the finitely generated free R-
module with generators of n-dimensional hyperedges in .
Let IC be a simplicial complex such that H C K. The
infimum chain complex and the supremum chain complex
of H are defined as

Inf, (R(H)+) = R(Hn) N (0n) *R(H)pn_1,m >0 (1)
and
Sup, (R(H).) = R(Hp) NOpi1R(H)ns1,n >0 (2)

respectively, where O, is the boundary maps of X and 9!
denotes the pre-image of J, [2]. It is proved that both
Inf,,(R(#).) and Sup,, (R(#).) do not depend on the choice
of the simplicial complex K that H embedded in. Therefore,
IC can be taken as the associated simplicial complex of H.
The homologies of these two chain complexes (1) and (2)
are isomorphic [2, Proposition 2.4], which are defined as
the embedded homology of H and denoted as H,,(Inf,(H))
or simply H,(#). In particular, if the hypergraph is a
simplicial complex, then the embedded homology coincides

with the usual homology. Moreover, each morphism of
hypergraphs from #H to H' induces an homomorphism
between the embedded homology H,,(#; R) and H,(H'; R)
[2, Proposition 3.7].

Kiinneth formulas describe the homology or cohomology
of a product space in terms of the homology or cohomology
of the factors. Hatcher gave the classical algebraic Kiinneth
formula [7]. A. Grigor’yan, Y. Lin, Y. Muranov and S.T. Yau
studied the the Kiinneth formula for the path homology (with
field coefficients) of digraphs [5, 6].

In this paper, we give a Kiinneth formula for the Embedded
Homology in Theorem 4.2.

2. Preliminaries

In this section, we define the tensor product for graded
abelian subgroups of chain complexes.

Firstly, we review the definition for the tensor product of
chain complexes. The content of this subsection can be found
n [7, Chapter 3, Section 3.B].

Let C' and C’ be chain complexes

C= {Cnvan}nZ()a C/ = {Cq/w ay/l}nZ(%

Their tensor product is a chain complex

C®C’={ P cec

pt+q=n,
p,q=0

In (3), the tensor product of boundary maps is given by
(Op ® a;)(“p ® vg) =

for any u,, € C} and any v, € C’;. For simplicity, we denote

= P e, |

p+g=n,
P,q20

(CeC"),

Then for any u,, € C}, and any v, € C,

(Opup) @ vg +

(0®d),

D e} o (3)

p+q=n,
p,q>0

(—1)Pup @ (az;vq)

= P 920,

p+qg=n,
P,q=>0

02d) ( > u® vq) = D (Opup) ®vg+ (—1)Pup, @ (Fu,)- @
ptg=n, pt+g=n,
It follows from (4) that
O20),: (CxC"), — (CxC")h

is well-defined, and for any n > 0,
(0® o

Hence (3) is a chain complex.

(3 ® 3/)n+1 == 0

Secondly, we generalize the tensor product of chain complexes and define the tensor product for graded abelian subgroups of

chain complexes.
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For each n > 0, we consider abelian subgroups D,, C C,, and D], C C/,. Then we have graded abelian subgroups of the chain
complexes

D ={Dyn}n>0, D' ={D;}n>0.

The tensor product of D and D’ is defined as

pep ={ @ DD}

p+q=n,
p,q>0

It is direct to verify that D ® D’ is a graded abelian subgroup of the chain complex C' ® C”. For simplicity, we denote

(DeD).= P DD
p+q§g,

Lemma 2.1. For any n > 0,

@@ (D& D)= 3, 9Dy D+ Dy® 9D

p+q=n,
p,q=0
Proof. By (4), the lemma follows from a calculation
@20 (DeD) = @o0).( @ Dyob,)
Py
= Y (000)(Dy©Dy)
pt+qg=n,
p,g>0

= > Dy®D;+D,®0,Dj.

p+q=n,
p,q=0

3. Auxiliary Results for Theorem 4.2

The finitely generated free R-module generated by all hyperedges of a hypergraph is a graded abelian group of the chain
complex of its associated complex [9, 10], where R is a principal ideal domain. In this section, we will give an important
auxiliary result of the main theorem in Proposition 3.1 and illustrate it with examples.

Lemma 3.1. Let H and H’ be two hypergraphs. Then each element in Inf,, (R(H) ® R(H’)) (n > 0) can be written in the form

in ®yi, deg(z;) = p;, deg(ys) = @i, pi + @ =n
i=1
where x;, y; are linear combinations of hyperedges of H and H’ respectively such that for each 1 < i < m,
(z; ® y;) € Inf, (R(H) ® R(H)).
proof. By (1), we know that
Inf,(R(H) @ R(H')) = (R(H) @ R(H'))n N (0@ ), (R(H) @ R(H'))n—1.
Let
g=ri(o1@7)+ -+ 101 ®7)
be an element in

(R(H) @ R(H))n N (0® 0'); (R(H) @ R(H'))n—1
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where 0, € H, 7, € H' andr; € R.
Notice that

(0®)n(g) € (R(H) ® R(H'))n-1
and
(8 ® 8')n(01 ® Tl) = 80'1 ® T1 + (71)deg(01)01 ® 8'71.

Consider the following two cases.
CASE 1. 901 € R(H)p,—1 and 'ty € R(H')q,—1. Then

o1 ® 71 € (R(H) @ R(H))n N (0@ 0'); (R(H) ® R(H'))n-1.

Set Tr1 ="T101 and Y1 = T1.
CASE 2. 901 ¢ R(H)p,—1 0r 0’11 ¢ R(H'),, —1. Without loss of generality, we can assume that oy ¢ R(H),,—1. Then
there exists 0 < k1 < py such that dy, (01) ¢ R(H)p,—1. Since (0 ® '), (g) € (R(H) ® R(H'))n—1, it follows that

> (-D)%r; =0,
{Giegldn, (o) =dny (1)}

with 71 = 75, p1 = p; and ¢; = ¢;. Hence we get a linear combination x; = (rio1 + T+ ) of finite hyperedges in A and
Y1 =T1.

By repeating the above process finite times and combing Case 1 and Case 2, the lemma follows.

We give an example to illustrate the form of element in Inf,,(R(H) ® R(H')).

Example 3.1. Let

H = {{Ul}y{03}7{U17U2}7{’U2vv3}7{v1?v3}}7
H = {{TUQ},{w3}7{w17w2}7{w2,w3}a{wlaw3}}

be two hypergraphs and R = Z.
Let

g ={v1,v2} @ {wa, w3} + {v1,v3} ® {wr, w3} +{v2,v3} ® {wa, w3} — {v1,v3} ® {w1, w2} + {v1,v3} @ {wa,ws}.
It can be directly verified that

g € Info(R(H) @ R(H')),
{111, ’U3} & {’wg, w3} S Ian(R(H) ® R(Hl))

while none of

{vr, v2} @ {wa, w3}, {v1,v3} ® {wr,ws},
{va,v3} ® {wo, w3}, {v1,v3} @ {w1,wa}

is in Info(R(H) @ R(H')). But we can express g as
9= ({v1,v2} +{v2,v3}) @ {wz, w3} + {v1,v3} © ({w1, ws} — {wy, wa}) +{v1, v3} © {wa, ws},

in which each term

({v1,v2} + {v2,v3}]) ® {wa, w3},
{v1,v3} ® ({wi, w3} — {w1,wa}), {vi,v3} @ {w2, w3}

is in Info(R(H) @ R(H')).
Proposition 3.1. Let H, H’ be two hypergraphs. Then for any n. > 0, we have

Inf, (R(H) ® R(H')) = (Inf,(R(H)) @ Inf. (R(H'))n.
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Proof. By substituting D and D’ with Inf, (R(H)) and Inf,(R(#')) in Lemma 2.1 respectively, we have that

(0® ') ((Inf. (R(H)) @ Inf, (R(H))) = > (a,, (Inf,,(R(H)))  Inf,(R(H'))

Moreover,

Hence

+ Ity (R(H)) @ 0 (Inf, (R(H'))) ) € (R(H) © R(H))o-1.

(Inf.(R(H)) @ Inf, (R(H')))n € (R(H) © R(H))n.

(Inf,(R(H)) @ Inf. (R(H')))n € (R(H) @ R(H'))n N (0 @ 0')n(R(H) @ R(H))n-1,

which implies that

(Inf. (R(H)) @ Inf, (R(H')))n C Inf,(R(H) ® R(H)).

On the other hand, for each term

r®y € Inf, (R(H) ® R(H')), deg(z) = p, deg(y) =q¢, p+q=n,

we have that

(0® 9 )u(r®

Then

y) = ((0p2) ®y + (-1)Pz @ (949)) € (R(H) ® R(H'))n—1-

(Opz) @y € (R(H) @ R(H'))n-1, z® (9y) € (R(H) @ R(H'))n—1.

Hence

and

Hence, by Lemma 3.1,

The proposition is proved

z € R(H)y NI 'R(H)p—1, y€RH ), NI RH )y

(z®y) € (Inf.(R(H)) © Inf. (R(H)))...

Inf,, (R(H) ® R(H')) € (Inf.(R(H)) ® Inf.(R(H")))n.

We give an example to illustrate Proposition 3.1.
Example 3.2. Consider the hypergraphs H and H’ given in Example 3.1. Then

Inf, (R(H))

Inf, (R
Inf,(R(H)) @ Inf,.(R

(H
(H

)
)

R{{v1},{vs}, {v1, v}, {{v1, 02} — {va,v3}}}
R{{wa}, {ws}, {wz, w3}, {{wr1wa} — {wr,w3}}}
R{{u1} @ {ws}, o} @ {ws}, {5} @ {w2},

{v3} @ {ws}, {v1,v3} @ {wa, w3}, {v1} ® {w2, w3},
{v1,v3} ® ({wl,wg} - {wl,wg}),

({v1,v2} + {v2,v3}) ® ({wr, w2} — {wy,ws}),
{v1} @ ({wi, w2} = {wr,w3}), {vs} @ {wa, w3},
{vs} ® ({wr, w2} — {wr1,ws}), {v1,v3} @ {ws},

(o, 05} © {us}, ({o1, 2} + (o2, 00}) @ fan), ({or, 02} + {v2,08)) © {ws} |

35
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RH)® R(H') = R{{Ul} @ {w2}, {v1} ® {ws}, {vs} ® {w2},
{vs} @ {ws}, {vi, v2} @ {wa}, {v1,v3} @ {ws},
{oi} @ {wr, wa}, {v1} @ {wa, w3}, {v1} @ {wy, ws},
{vs} @ {wr, wa}, {vs} @ {wa, w3}, {vs} ® {wr,ws},
{v1,v2} ® {wy, w2}, {v1,v2} ® {wa, w3},
{v1,v2} ® {w1, w3}, {v2, v3} ® {wi,wa},
{va,v3} ® {wa, w3}, {v2, v3} @ {w1,ws},

{’Ul,’Ug} ® {wl,wg}, {’Ul, U3} ® {wQ,’Ujg}, {111,113} & {w1, wg}}

Inf, (R(H) ® R(H')) = R{{m} ® {wa}, {o1} @ {ws}, {vs} @ {wa},

{vs} @ {ws}, ({v1,v2} + {v2,v3}) @ {ws},

({1, v2} + {v2,v3}) ® {ws}, {v1,v3} © {wa},

{v1,v3} ® {ws}, {vs} ® {wa, w3}, {v1} ® {w2, w3}

{o1} ® ({wr, w2} — {wr, ws}), {vs} ® ({wr, wa} — {wr, w3})

({vr,v2} + {v2,v3}) © ({wr, wa} — {wy, ws})}

Hence,

Inf, (R(H)) @ Inf, (R(H)) = Inf,(R(H) ® R(H')).

4. A Kiinneth Formula for the Embedded Homology

By using the embedded homology, we prove a Kiinneth formula for the tensor product of graded abelian subgroups of chain
complexes, corresponding to Theorem 4.2.

Theorem 4.1 (Algebraic Kiinneth Formula). ([7, Theorem 3B.5]) Let R be a principal ideal domain, and let C,, C?, be chain
complexes of free R-module. Then there is a natural exact sequence

0= P H,(C.)®r Hy(CL) = Hy(C. @ CL) » P Torg(H,(C.), Hy—1(CL)) — 0.
pF+q=n p+g=n

Theorem 4.2. Let R be a principal ideal domain. Let 7 and H' be two hypergraphs. Then there is a short exact sequence

0 — (H.(H) @p Ho(H'))y—>Hy(Inf, (R(H) ® ) — @TorR Hyoi—1(H')) — 0.

And this sequence splits.
Proof. By Theorem 4.1, we have a short exact sequence

0 —(H.(Inf,(D,C)) ®g H.(Inf,(D',C")))n — H,(Inf,(D,C) @ Inf,(D',C")) —
@TorR (Inf, (D, C)), Hy—_s_1 (Inf. (D', C"))) — 0. )

And this sequence splits.
By Proposition 3.1,
H,(Inf, (R(H)) ® Inf, (R(H'))) = Ha(Inf.(R(H) ® R(H))). ©6)

The theorem follows from (5) and (6).

Let R be a field F. The next corollary follows from Theorem 4.2.

Corollary 4.1. Suppose the chain complexes C' and C” consist of graded vector spaces over a field F. Let D and D’ be graded
vector subspaces of C' and C” respectively. Then

H,(Inf, (R(H) ® R(H))) = H.(H) @ Ho(H).
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5. Conclusion

From above discussion, we know that the critical proof of
Theorem 4.2 is that Proposition 3.1 holds, which depends on
Lemma 3.1. Let R be a principal ideal domain. Let C' and C”
be chain complexes consisting of graded free R-modules. Let
D and D’ be graded sub-R-modules of C' and C’ respectively
and the generator sets of D and D’ be subsets of the generator
sets of C' and C" respectively. Then

Inf,(D® D',C ®C") =Inf,(D,C) @ Inf, (D', C"),

which will be proved in our another paper. Hence, the
analogue of Kiinneth formula of hypergraphs given in this
paper can be extended to the Kiinneth formula of embedded
homology of graded abelian groups of chain complexes.

Moreover, it is proved that the path homology of digraphs
is consistent with the embedded homology of digraphs [15].
A. Grigor’yan, Y. Lin, Y. Muranov and S. T. Yau studied the
the Kiinneth formula for the path homology (with coefficients
in a field ) of digraphs [5, 6]. Therefore, we can get the
Kiinneth formula for digraphs with coefficients in a principal
ideal domain.
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